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ABSTRACT 

The c o n t a c t  conductance a t  an  i n t e r f a c e  can be 

determined by knowing t h e  m a t e r i a l  and s u r f a c e  p r o p e r t i e s  

and t h e  i n t e r f a c i a l  p r e s s u r e  d i s t r i b u t i o n .  Th is  p r e s s u r e  

d i s t r i b u t i o n  can be i n f luenced  s t r o n g l y  by t h e  roughness 3f  

t h e  mating s u r f a c e s  bu t  u n t i l  now t h i s  e f f e c t  has  been ignored  

i n  s t u d i e s  o f  j o i n t  conductance. Th is  thesis cons ide r s  t h i s  

e f f e c t  and shows t h e  c i rcumstances  when i t  i s  an impor tant  

f a c t o r .  Furthermore,  it i s  shown t h a t  one can e i t h e r  r a i s e  

o r  lower t h e  t o t a l  r e s i s t a n c e  o f  a j o i n t  by changing t h e  

s u r f a c e  p r o p e r t i e s  i n  t h e  p roper  manner f o r  t h e  p a r t i c u l a r  

system be ing  cons idered .  

S p e c i f i c a l l y ,  t h i s  t h e s i s  .leals w i t h  t h r e e  sys tems:  

t h e  c o n t a c t  of  two rough,  wavy s u r f a c e s ;  t h e  c o n t a c t  of  two 

rough bu t  nominally f l a t  p l a t e s  p re s sed  t o g e t h e r  over  a con- 

c e n t r a t e d  a r e a ;  and t h e  c o n t a c t  o f  t r o  rough bu t  nominally f l a t  

p l a t e s  b o l t e d  t o g e t h e r .  I n  each case  t h e  p r e s s u r e  d i s t r i b u t i o n  

i s  c a l c u l a t e d  as a f u n c t i o n  of  t h e  s i n f a c e  p r ~ p e r t i e s .  I n  t h e  

ca se  of  wavy s u r f a c e s  it i s  found t h a t  a l l  necessa ry  i n fo rma t ion  

f o r  any combination of  parameters  can be reduced t o  one master 

graph.  I n  t h e  o t h e r  two cases  one s ~ c h  graph i s  needed f o r  each 



geometry used.  The r e s u l t i n g  p r e s s u r e  d i s t r i b u t i o n s  a r e  used 

i n  a  s p e c i f i c  h e a t  t r a n s f e r  example and t h e  t o t a l  j o i n t  re -  

s i s t a n c e  ve r sus  roughness i s  p re sen ted .  It i s  shown how one 

can a c t u a l l y  Ceorease t h e  r e s i s t a n c e  by i n c r e a s i n g  t h e  rough- 

ness  - a seemingly c o n t r a d i c t o r y  phenomenon. 

Heat t r a n s f e r  experiments  performed by Joseph 

P i g o t t  q u a l i t a t i v e l y  confirmed t h e  t h e o r e t i c a l  f i n d i n g s .  
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1. INTRODUCTION 

1.1 Phenomenon r k s c r i p t i o n  -. - and Previous  WorDk 

The concept  t h a t  t h e r e  i s  a ~ e s i s t a n c e  t o  t h e  flow 

of  h e a t  a t  t h e  i n t e r f a c e  o f  two m a t e r i a l s  h a s  been acknow- 

ledged f o r  some t ime but  it has  on ly  been w i t h i n  t h e  l a s t  

few decades w i t h  t h e  advent  o f  modern e l e c t r o n i c s  and n u c l e a r  

power t h a t  t h i s  r e s i s t a n c e  has had importance. 

It has been cbserved t ha t  i f  a h e a t  f l u x  i s  passed 

through a body, L- l i n e a r  temperature  <:hange w i l l  occur  a s  

shown i n  F igure  l a .  I f ,  however, t h i s  body has an i n t e r f a c e ,  

t h e  temperature  change w i l l  no t  be l i n e a r  i n  t h e  neighborhood 

o f  t h e  i n t e r f a c e  a s  shown i n  F igure  l b .  The a d d i t i o n a l  r e s i s -  

t ance  t o  h e a t  flow caused by t h e  presence  o f  t h e  i n t e r f a c e  

i s  t h e  con tac t  r e s i s t a n c e .  It i s  de f ined  as  

where AT i s  the temperature  d i f f e r m c e  st t h e  i n t e r f a c e  

between t h e  &tended l i n e a r  p r o f i l e s .  The ~ e c i p r o c a l  o f  

t h e  r e s i s t a n c e ,  t h e  thermal  c o n t a c t  conductii,ice i s ,  t h e r e f o r e ,  

The reason  f o r  t h i s  i n t e r f a c i a l  ~ e s i s t a n c e  has  been 

a t t r i b u t e d  t o  v a r i o u s  phenomena i n c l u d i n g  quantum e f f e c t s  due 
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t o  mis ypnment o f  t h e  c r y s t a l  l a t t i c e s ,  11-519; s u r f a c e  f i l m s  

(oxide  and o t h e r  con taminen ts ) ,  [ 6 ] ;  and hea t  flow c o n s t r i c t i o n .  

While t h e  former two may apply  i n  c e r t a i n  s p e c i f i c  occas ions ,  

t h e  predominant s f f e c t  by f a r  i s  t h e  l a t t e r ,  t h e  c o n s t r i c t i o n  

r e s i s t a n c e .  

Because r e a l  s u r f a c e s  a r e  no t  smooth ( i n  t h e  micro- 

scop ic  s ense )  but are made up of  a s p e r i t i e s ,  two s u r f a c e s  i n  

con tac t  w i l l  no t  touch over  100% of  t h e  appa ren t  a r e a  i n  

con tac t  but  only where t h e  a s p e r i t i e s  touch.  The a c t u a l  

a r e a  of c o n t a c t  may be o f  t h e  o r d e r  o f  0.1% of' t h e  apparen t  

a r ea .  S ince  hea t  w i l l  on ly  f low through the  a c t u a l  a r e a  i n  

c o n t a c t ,  t h e  c o n s t r i c t i o n  of h e a t  f low and, hence,  t h e  added 

r e s i s t a n c e  w i l l  be p r e s e n t .  The o t h e r  parameter  o f  prime 

importance i n f l u e n c i n g  t h e  c o n t a c t  r e s i s t a n c e  o t h e r  t h a n  t h e  

roughness i s  t he  p r e s s u r e  which d i r e c t l y  a f f e c t s  t h e  a c t u a l  

t o  apparent  a r e a  r a t i o .  

There i s  e-xtens ive  l i t e r a t u r e  d e a l i n g  w i t h  c o n t a c t  

r e s i s t a n c e ,  b o t h  exper imenta l  17-30] and a n a l y t i c a l  131-363. 

A11 of t h e  l a t t e r  r e a l i z e  t h e  importance o f  s u r f a c e  roughness 

but  most use  a r a t h e r  cumbersome manual t echn ique  t o  p r e d i c t  

t h e  con tac t  conductance. I n  1367, hawever, advantage i s  

t aken  of t h e  s t a t i s t i c a l  n a t u r e  o f  t h e  problem and expected  

v a l ~ e s  f o r  t h e  conductance a r e  a r r i v e d  a t .  Based on t h e  

model shown i n  F igure  2 i t  i s  found tha t  

* 
Numbers i n  b r a c k e t s  denote  r e f e r e n c e s  l i s t e d  a t  t h e  end. 
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T h i s  was developed f o r  c o n t a c t  i n  a vacuum ( i . e . ,  h e a t  

pass ing  only through a s p e r i t i e s  i n  c o n t a c t  and no t  through 

+he g a p s ) ,  Gcussian d i s t r i b u t i o n  of  s u r f a c e  he ights  above 

a  mean p lane ,  a*,d c o n t a c t  between two nominal ly f l a t  s u r f a c e s  - 
uniform p. I f  vhe s u r f a c e s  a r e  no t  f l a t  and c o n t a c t  p r e s s u r e  

v a r i e s  w i t h  d p a r t i c u l a r  coo rd ina t e ,  s a y  r a d i u s  r i n  an  

axially-symmel-ric system, t h e n  hc i s  modif ied  t o  h c ( r ) .  

Re l a t i onsh ip  1 3 )  has  been s u b s t a n t i a t e d  independent ly  i n  

L291 

Other  phenomena connected w i t h  the rmal  c o n t a c t  

conductance which have been i n v e s t i g a t e d  ove r  t he  past yea r s  

a r e :  t h e  d i r e c t i o n a l  e f f e c t  137-433; t h e  e f f e c t  of p rev ious  

l oad ing  1 4 4 1 ;  t h e  e f f e c t  o f  p l a t i n g  1457; t h e  e f f e c t  o f  

i n t e r s t i t i a l  m a t e r i a l s  [27,46,k(]; s p e c i f i c  s u r f a c e  

geometr ies  and m a t e r i a l s  [28,48-521; s p e c i f i c  s y s t e m s  such 

a s  b o l t e d  o r  r i v e t e d  j o i n t s  153-601; and nonuniform p r e s s u r e  

d i s t r i b u t i o n  161,623. Add i t i ona l  r e f e r e n c e s  can be found 

i q  t h e  b i b l i o g r a p h i e s  g iven  i n  [27,28,48,51] and i n  163-653. 

It should  be noted  t h a t  it i s  imposs ib le  t o  

develop a g e n e r a l  r e l a t i o n s h i p  f o r  t h e  r e s i s t a n c e  o f  an 

i n t e r f a c e ,  Hc ,  r e g a r d l e s s  o f  t h e  system o f  which t he  i n t e r -  

f a c e  i s  a p a r t .  Contact r e s i s t a n c e  i s  a c o n s t r i c t i o n  r e s i s -  

t ance  and can only  b e  desc r ibed  by d i s t r i b u t e d  system para- 

meters  such a s  hc as s f u n c t i o n  of s u r f a c e  l o c a t i o n .  To t a k e  



advantage of a  s u c c i n c t  lumped parameter  such a s  Rc  i s  t o  l i m i t  

i t s  use only t o  t h e  s p e c i f i c  ca se  f o r  which i t  was developed. 

Therefore ,  whi le  t h e r e  i s  much experfmenta l  work a v a i l a b l e  

a s  mentioned be fo re ,  much of it i s  a p p l i c a b l e  only  t o  

t h e  s p e c i f i c  c a s e  s t u d i e d  by t h e  exper imenter .  The best 

t h a t  can b e  done i s  t o  i n v e s t i g a t e  t r e n d s  and g i v e  g e n e r a l  

r e l a t i o n s h i p s  for t h e  behavior  a t  t h e  i n t e r f a c e ,  such as 

equa t ion  ( 3 )  . 
1 . 2  Statement  o f  t h e  Problem 

I n  t h e  c o n t a c t  o f  c e r t a i n  s y s t e m s  such  as b o l t e d  

o r  r i v e t e d  p l a t e s ,  clamped d i s k s ,  wavy plates, e t c . , t h e r e  i s  

con tac t  i n  c e r t a i n  areas and narrow gaps between the s u r f a c e s  

i n  o t h e r s .  See,  f o r  example, F igu re  3. Heat which i s  t o  

flow from one body t o  a c o t h e r  must f i rst  be c o n s t r i c t e d  t o  

t h e  a r e a s  of large s c a l e  c o n t a c t  and then ,  once i n  t h e s e  

a r e a s ,  must be c o n s t r i c t e d  s t i l l  f u r t h e r  t o  t h e  a c t u a l  areas 

of con tac t  a t  t h e  roughness a s p e r i t i e s . *  From (3)  one sees 

t h a t '  

* 
It i s  assumed tha t  no h e a t  i s  t r a n s f e r r e d  a c r o s s  t h e  gaps.  
I n  t h e  case  of  r a d i a t i o n  t h i s  i s  a warranted  assumption a t  
t h e  t empera tures  u s u a l l y  cons idered .  For  conduct ion through 
a gas  which might be in t h e  gap t h i s  assumption i s  weak. 
However,if t h e  assumption i s  made and t h e  gas  i gno red  - 
t h e  ca se  of  a vacuum - t h e  r e s u l t i n g  r e l a t i o n s h i p  can be 
combined l a t e r  w i t h  t h e  p a r a l l e l  f l o w , o f  h e a t  through t h e  
gap f o r  an  o v e r a l l  r e s u l t .  See [29,36]. Since  t h e  gap i s  
so  narrow, convect ion i s  j u s t i f i a b l y  ignored.  



F
IG

U
R

E
 

30
 

C
O

N
TA

C
T 

O
F 

B
O

D
IE

S
 

W
IT

H
 

W
A

V
Y

 
S

U
R

FA
C

E
S

 

F
IG

U
R

E
 3

b
 

C
O

N
TA

C
T 

O
F 

F
IG

U
R

E
 3

c
 

C
O

N
TA

C
T 

O
F 

TW
O

 
P

L
A

T
E

S
 

U
N

D
E

R
 

' 
B

O
L

T
E

D
 

JO
IN

T
 

E
X

T
E

R
N

A
L

 
L

O
A

D
 



where it is assumed that one is dealing with an axially- 

symmetric system and is allowing for radial variations in 

pressure. If p(r) were not affected by the rol~ghness,then 

increasing the roughness would directly decrease the contact 

conductance. However,if one increases the roughness in a 

case where there is a narrow gap, the asperities may touch 

in this gap and pCr) will then be affected. See Figure 

4. Since the tendency will be to enlarge the large-scale 

area of contact, that conetriction will be lessened. However, 

since the roughness is being increased, the small-scale 

constricthn, that due to the asperities, will increase. 

These two trends, both due to an increase in qrun opposite 

to each other. It is the purpose of this thesis to investi- 

gate the combined effect. 

There are three immediate reasons to do this: to 

exp1aj.n previously unexplainable experimental observations 

where the resistance at an interface decreased when the 

roughness was increased, e.g. [48,66]; to determine if it 

is necessary, as it is now assumed, to go through the expensive 

process of smoothing a surface to a mirror finish in order 

to enhance the contact conductance; and to see if one can 

control more accurately the contact resistance of an overaall 

system by varying the roughness. 

The specific cases investigated here are those 

shown in Figure 3: two wavy surfaces, two externally clamped 

plates, and two bolted plates. The cases and models, all 

assumed to be axially-symmetric, are as follows: 
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(1) Wavy s u r f a c e  - Figure  5 - The wavy s u r f a c e s  (F igu re  

3a)  a r e  modeled a s  two semi-inf'ir,dte e l a s t i c  bod ies  

w i t h  non-f la t  s u r f a c e s  o f  uniform (bu t  n o t  r!ecessari ly 

e q u a l )  radi i  o f  cu rva tu re .  The r a d i u s  of  c o n t a c t  i s  

assumed t o  b e  much l e s s  t h a n  t h e  r a d i u s  o f  cu rva tu re .  

For a = 0 t h i s  i s  t h e  h e r t z i a n  problem. 

( 2 )  Clamped p l a t e s  - Figu re  6 - The e x t e r n a l l y  clamped 

p l a t e s  (Figure  3b) are modeled as two a d j o i n i n g  

e l a s t i c  d i s k s  o f  f i n i t e  r a d i u s  and t h i c k n e s s .  They 

a r e  f a r ced  t o g e t h e r  under a uniform l o a d  ove r  a 

p r e s c r i b e d  a r e a .  There a r e  no o t h e r  shear o r  normal 

l o a d s  on any f a c e  o r  edge. 

( 3 )  Bolted j o i n t  - Figu re  7 - The b o l t e d  ( o r  r i v e t e d )  

p l a t e s  (Figure  3c)  are modeled as two a d j o i n i n g  

e l a s t i c  d i s k s  w i t h  c e n t e r  h o l e s .  These d i s k s  o f  

f i n i t e  r a d i u s  and t h i c k n e s s  are f o r c e d  t o g e t h e r  

under a uniform l o a d  ove r  a p r e s c r i b e d  a n n u l a r  a r e a .  

There are no o t h e r  s h e a r  o r  normal l o a d s  on any f a c e  

o r  edge. 

The r e q u i r e d  in fo rma t ion  i s  hcCr) f o r  each model. 

From equa t ion  ( 3 )  one sees t h a t  i n  o r d e r  t o  o b t a i n  

t h e  conductance it i s  neceesary  and s u f f i c i e n t  t o  o b t a i n  t h e  

i n t e r f a c i a l  p r e s s u r e  d i s t r i b u t i o n ,  p ( r ) .  (The o t h e r  parameters  

i n  (3) are f u n c t i o n s  o f  t h e  materials.) The main g o a l  o f  

t h e  t h e s i s  i s  t o  c a l c u l a t e  p ( r )  f o r  each o f  t h e  t h r e e  models 

and i n c o r p o r a t e  t h e  r e s u l t  i n  thermal c o n t a c t  r e s i s t a n c e  

behavior .  
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The o v e r a l l  method of s o l u t i o n  i s  s t ra ight forward .  

It i s  assumed tha t  an a s p e r i t y  exper iences  t h e  same load 

t h a t  t h e  p a r t  of t h e  main body d i r e c t l y  under it experiences.  

It is  f u r t h e r  assumed that  t h e  a s p e r i t i e s  w i l l  " r ide"  on t h e  

mean sur face  of t h e  body i n  a d d i t i o n  t o  being deformed. The 

problem i s  then  separa ted  i n t o  two p a r t s :  deformaiion of 

t h e  asperities and t h e  deformation of  t h e  l a r g e  body. The 

l a t t e r  i s  solved using c l a s s i c a l  techniques  of mechanics. 

Figure 8 i l l u s t r a t e s  t h e  above. 

The f i n a l  r e s u l t  i s  a r r i v e d  a t  through an  i t e r a t i v e  

p r x e d u r e  u t i l i z i n g  t h r e e  c o n s t r a i n t s :  

(1) t h e  e l a s t i c  deformation of  a body must conform t o  

t h e  pressure  d i s t r i b u t i o n  i t  experiences;  

(2) t h e  deformation of t h e  a s p e r i t i e s  must conform t o  

t h e  pressure  d i s t r i b u t i o n  they experience;  

(3) t h e  t o t a l  load app l i ed  t o  t h e  e l a s t i c  body i s  equal  

t o  t h e  sum of t h e  loads  app l i ed  t o  t h e  a s p e r i t i e s .  

Th i s  t +nique i s  not new with  t h i s  paper and has been used 

before by var ious  i n v e s t i g a t o r s  I62,67,68]. 

To so lve  t h e  p r o b l ~ m  f o r  t h e s e  t h r e e  models, there-  

fo re ,  general  force-def lec t ion  r e l a t i o n s h i p s  f o r  a s p e r i t i e s ,  

semi- inf ini te  bodies,  and f i n i t e  d i s k s  with holes  a r e  needed. 

Previous work done i n  t h e s e  areas w i l l  now be discussed.  

1 .3  Deformation of A s p e r i t i e s  

It has been shown 169-711 t h a t  t h e  behavior of a 
1 
I 
t 

r e a l  sur face  can be descr ibed using t h e  Gaussian d i s t r i b u t i o n .  
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For complete i d e n t i f i c a t i o n  of  a s u r f a c e  f o r  o u r  purposes 

one needs two s t a t i s t i c a l  parameters :  t h e  s t a n d a r d  devia-  

t i o n  and t h e  average  mean s lope .  I n  t h i s  s e c t i o n  t h e  

s a l i e n t  r e s u l t s  developed by Mikic [36,72,73] a r e  p re sen ted  

f o ~  such a Gaussian model. Both p l - a s t i c  and e l a s t i c  defor-  

mation o f  t h e  a s p e r i t i e s  are cons idered .  

The model shown i n  F igu re  2 i l l u s t r a t e s  a t y p i c a l  

c o n t a c t  between two r e a l  s u r f a c e s .  The mean l i n e s  a r e  what 

are normally c a l l e d  t h e  " su r f aces"  o f  t h e  bod ies .  The a c t u a l  

con tac t  between t h e s e  two bodies  i s  a t  d i s c r e e t  p o i n t s  where 

t h e  a s p e r i c i e s  ove r l ap .  A s t a t i s t i c a l  d e s c r i p t i m  of  t h e  

s u r f a c e  i s  necessa ry  and as mentioned b e f o r e  t h e  d i s t r i b u t i o n  

of h e i g h t s  o f  t he  s u r f a c e  above the mean l i n e  has been found 

t o  b e  Gaussian. That  i s  

1 e -y2/202 p r o b a b i l i t y  (y) = - 
niF (3 

I n  t h e  work done by.Grexiwood [70,71] i t  i s  no t  t h e  he igh t  

o f  t h e  s u r f a c e  which i s  cons idered  but  t h e  h e i g h t s  o f  t h e  

peaks.  Th is  f o r c e s  one t o  assune an  a s p e r i t y  shape i n  o r d e r  

t o  account  f o r  t h e  remainder  o f  t h e  s u r f a c e .  While Greenwood 

has shown t h a t  t h e  cho ice  i s  n o t  p a r t i c u l a r l y  c r i t i c a l  1711, 

t h e  model i n  1363 i s  less r e s t r i c t i v e .  

I n  us ing  a Gaussian m o a d  i t  should  be noted  t h a t ,  



where E (  ) i s  t h e  expected  va lue .  The first i s  t h e  mean 

va lue  o f  y  which i s  de f ined  t o  be ze ro  s i n c e  y i s  measured 

from t h e  mean p l ane .  The second i s  t h e  rms v a l u e  and i s  

equa l  t o  t h e  s t anda rd  d e v i a t i o n .  The t h i r d  i s  t h e  c e n t e r  

l i n e  average ,  o r  C L A ,  and i s  t h a t  va lue  u s u a l l y  measured by 

such ins t ruments  a s  a T a l y s u r f .  

The o t h e r  parameter  needed t o  d e s c r i b e  t h e  s u r f a c e  

i s  t h e  average  a b s o l u t e  v a l u e  of  t h e  s l o p e ,  t a n @ ) ,  where 

This  has been found expe r imen ta l l y  t o  be i n  t h e  neighborhood 

of  (0 .1 ) .  

Besides a Gaussian d i s t r i b u t i o n  of  a s p e r i t y  h e i g h t  

above a mean p l ane ,  t h e  o t h e r  expe r imen ta l l y  observed c r i -  

t e r i m  t o  be met i s  Amonton's Law: t h e  f r i c t i o n a l  f o r c e  

between two bodies  i s  dependent on c o n t a c t  l o a d  on ly  and 

independent  of apparen t  area. This  i m p l i e s  t h a t  t h e  a c t u a l  

c o n t a c t  area, A,, i s  p r o p o r t i o n a l  on ly  t o  l oad ,  F, 



but s ince  F = pAa then,  

By assuming t h a t  each a s p e r i t y  i s  a smal l  hardness indentor  

and t h a t  t h e  a s p e r i t i e s  deform p l a s t i c a l l y ,  one can remove 

t h e  p r o p o r t i o n a l i t y  from ( 4 )  w i t h  use of  t h e  experimental ly 

obtained hardness,  H. Since F = HA then  
C 

Using t h e  model i n  Figure  2 one c w  f i n d  t h e  

p r o b a b i l i t y  t h a t  t h e  s u r f a c e s  i n t e r s e c t ,  p(y1+y2>yO?; and, 

from that ,  p r e d i c t  t h e  a r e a  i n  contac t  1363. The r e s u l t  i s  

where 

Therefore from ( 5 )  and (6), 



Equation ( 7 )  i s ,  t hen ,  t h e  r e q u i r e d  f o r c e - d e f l e c t i o n  

r e l a t i o n s h i p  needed i n  t h e  e v e n t u a l  s o l u t i o n  i f  one assumes 

t h a t  t h e  a s p e r i t i e s  deform p l a s t i c a l l y .  

Another r e s u l t  o f  i n t e r e s t  i s  the  number o f  c o n t a c t s  

p e r  u n i t  a r e a ,  n .  To d e r i v e  t h i s  one must a l s o  u se  t h e  second 

s t a t i s t i c a l  parameter  mentioned, tanC0).  The f i n a l  r e s u l t  

g iven  i n  1721 i s  

e r f c  [s] 
The only  a d d i t i o n a l  assumption needed i s  t h a t  t h e  r a d i u s  o f  

cu rva tu re  o f  t h e  a s p e r i t i e s  b e f o r e  deformat ion i s  t he  same 

f o r  a l l  c o n t a c t s  which started a t  t h e  same d i s t a n c e  from t h e  

mean p lane .  

If th.e a s p e r i t i e s  deform e l a s t i c a l l y  rather t h a n  

p l a s t i c a l l y  t h e n  C5) i s  no l o n g e r  a p p l i c a b l e .  I n  1731 it i s  

shown that f o r  e l a s t i c  deformat ion o f  t h e  a s p e r i t i e s ,  

A - -  - l / 4  e r f c  

and 

- - - .  I * .  

< .  . , , .. -: . . L a , . , -  . . 



where 

T h i s  i s  t h e  fo rce -de f l ec t ion  r e l a t i o n s h i p  which one uses  i f  

t h e  a s p e r i t i e s  a r e  assumed t o  y i e l d  e l a s t i c a l l y .  Except f o r  

t h i s ,  t h e  same assumptions a r e  made he re  as before .  The 

number of  con tac t s  pe r  u n i t  a r e a  i s  t h e  same, equat ion ( 8 ) .  

I f  one cons iders  H* t o  be an equ iva len t  hardness,  

then f o r  t h e  e l a s t i c  case  

It i s  obvious from ( 9 )  and (10)  t h a t  Amonton's Law i s  

satisfied s i n c e  

Figure 9 i l l u s t r a t e s  t h e  behavior of the var ious  parameters 

versus  yo/a and Figure  1 0  summarizes t h e  r e s u l t s .  

I n  b r i e f ,  then ,  r e g a r d l e s s  of whether o r  not  t h e  

a s p e r i t i e s  deform p l a s t i c a l l y  o r  e l a s t i c a l l y  one has a 

force-def lec t ion  express ion i n  t h e  form 
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H p  = T e r f c  

For p l a s t i c  deformation H i s  t h e  Vickers  hardness .  For 

e l a s t i c  deformation H i s  that given i n  (12), H*. 

1 .4  Deformation of  Sphe r i ca l  Sur faces  

The previous  s e c t i o n  showed t h a t  t h e r e  was s u f f i c i e n t  

informat ion a l r eady  e x i s t i n g  i n  t h e  l i t e r a t u r e  concerning 

t h e  deformation of  a s p e r i t i e s  t o  s a t i s f y  t h e  needs of  t h i s  

paper.  The next  t h r e e  s e c t i o n s  w i l l  review prev ious  work 

done on t h e  models g iven i n  F igures  5-7. I n  a l l  t h r e e  of  

these models two f a c t s  are needed: What Is t h e  i n t e r f a c i a l  

p re s su re  d i s t r i b u t i o n  f o r  ze ro  roughness when t h e  two bodies  

are pressed  t o g e t h e r ?  What i s  t h e  d e f l e c t i o n  a t  t h e  s u r f a c e  

f o r  an a r b i t r a r y  i n t e r f a c i a l  p r e s s u r e  d i s t r i b u t i o n ?  The 

l a t t e r  i s  needed i n  t h e  i t e r a t i o n  procedure when t h e  roughness 

i s  non-zero. 

I n  the case  of  two bodies  with s p h e r i c a l  s u r f a c e s  

(Figure  5 ) , t h e  f i rst  ques t ion  has been answered by t h e  work 

of  Hertz 1743. For the model shown i n  Figure  5 ,  w i t h  a = 0,  

t h e  i n t e r f a c i a l  p r e s s u r e  d i s t r i b u t i o n  i s  



where t h e  r a d i u s  of t h e  contac t  a r e a ,  ah ,  i s  

It i s  assumed t h a t  each body i s  a  semi - in f in i t e  e l a s t i c  body, 

t h a t  t h e  r a d i i  a r e  of  cons tan t  cu rva tu re  (before  deformation) 

wi th in  t h e  a r e a  of  con tac t ,  and t h a t  >> ah. 

There a r e  two ways t o  so lve  t h e  second problem of  

a  v a r i a b l e  p ressu re  d i s t r i b u t i o n .  The first i s  t o  superLmpoae 

poin t  load s o l u t i o n s  1743, t h e  second is t o  use Htmkel t r ans -  

forms (Terezawats s o l u t i o n )  1763. The po in t  load  s o l u t i o n  

i s  d i f f i c u l t  t o  use because of t h e  p o i n t  o f  d i s c o n t i n u i t y  

which a r i s e s .  To avoid this d i f f i c u l t y  t h e  Hankel t ransform 

s o l u t i o n  i s  used here  ins t ead .  The procedure i s  t o  take t h e  

s o l u t i o n  f o r  a f l a t  semi - in f in i t e  body and add t o  i t  t h e  

o r i g l n a l  curva ture .  This  g i v e s  the o v e r a l l  d i s t a n c e  between 

two opposing p o i n t s  on the two bodies.  

Using the  n o t a t i o n  given i n  Figure  11, t h e  d e f l e c t i o n  

a t  t he  s u r f a c e  o f  a semi - in f in i t e  body w ( r )  due t o  a load ,  

pCr1 is  1763 

where 
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CONTACT OF TWO SPHERICAL SURFACES 
FIG. II 



The d i s t ance ,  then ,  between two p o i n t s  opposing each o t h e r  

(Figure 11) ~ i t h o u t  consider ing t h e  curva ture  i s  

Superimposing t h e  curva ture  of  t h e  bodies g ives  t h e  t o t a l  

d i s tance  between t h e  two p o i n t s  A1 and A2 

o r ,  from (15) 

The above assumes that t h e  bodies touch a t  C1 and C2. When 

t h e  roughness i s  considered,  a cons tan t  term, yo,  w i l l  be 

added t o  (17) t o  a c c o m t  f o ~  t h e  s e p a r a t i o n  af t h e  two 

reference po in t s .  

Using a procedure s i m i l a r  t o  t h e  above but using 

t h e  superpos i t ion  method r a t h e r  than  Hankel t ransforms,  

Greenwood 1753, Flengas 1681, and McMillan 1627 a l l  i n v e s t i -  

gated t h e  e f f e c t  of roughness on t h e  i n t e r f a c i a l  p res su re  

d i s t r i b u t i o n  and a r r i v e d  a t  similar conclusions.  Because 

of an unfor tunate  choice of non-dimensional v a r i a b l e s ,  how- 

ever ,  t h e  r e s u l t s  published were not  gene ra l  and could be 



used o : i ' . ~  f o r  t h e  s p e c i f i c  ca se s  p re sen ted .  The main con- 

t r i b u t i o n  h e r e  i s  t o  show t h a t  by p roper  non-dimensional izing,  

a l l  p e r t i n e n t  d a t a  r e g a r d i n g  t h i s  problem can be reduced a~ 

one compact graph.  Th is  w i l l  be done i n  s e c t i o n  2.1,  

To r e c a p i t u l a t e :  as was done f o r  a s p e r i t i e s ,  a 

b a s i c  f o r c c - d e f l e c t i o n  r e l a t i o n s h i p  f o r  s p h e r i c a l  s u r f a c e s  

has  been p re sen ted ,  equa t ion  (15). It i s  no t  i n  as s imple  

a form as t h a t  f o r  t h e  a s p e r i t i e s  and w i l l  g e n e r a l l y  r e q u i r e  

numerical  i n t e g r a t i o n  f o r  a  p a r t i c u l a r  p ( r ) .  

1 .5  Deformation o f  S o l i d  Disks - 

Unlike t h e  c a s e  o f  c o n t a c t  between two s p h e r i c a l  

s u r f a c e s ,  t h e r e  i s  no exac t  s o l u t i o n  a v a i l a b l e  f o r  t h e  

c o n t a c t  o f  two s o l i d  d i s k s  w i th  z e m  s u r f a c e  roughness.  The 

expected  behav ior  i s  i n t i m a t e  c o n t a c t  w i th  f i n i t e  p r e s s u r e  

and zero  d e f l e c t i o n  Csymmetrical l o a d i n g  assumed) w i t h i n  a 

c e r t a i n  r a d i u s  o f  c o n t a c t ,  r,, and ze ro  p r e s s u r e  and f i n i t e  

d e f l e c t i o n  o u t s i d e  o f  r,. O f  i n t e r e s t  i s  b o t h  t he  n a t u r e  of 

t h e  p r e s s u r e  d i s t r i b u t i o n ,  p ( . r ) ,  and the v a l u e  o f  rc. 

I n  l i e u  o f  an  exac t  s o l u t i o n ,  the midplane s t r e s s  

of a s i n g l e  p l a t e  o f  t h i c k n e s s  2b ( r a t h e r  t h a n  two p l a t e s  

each o f  t h i c k n e s s  b) has been used 173-803. Even though t h e  

midplane s t r e s s  becomes t e n s i l e  a c e r t a i n  d i s t a n c e  from t h e  

c e n t e r l i n e  i t  has  been assumed t h a t  th i s  can be ignored.  

From t h i s  it i s  e s t ima ted  1791 t h a t  the r a d i u s  o f  con tac t  

f o r  ro /b  > 0.5 i s  



It w i l l  be shown l a t e r  t h a t  t h i s  r e l a t i o n s h i p  can be i m -  

proved. 

Figure 1 2  g ives  publ ished r e s u l t s  f o r  t h e  midplane 

s t r e s s .  These a r e  from [79] bu t  t h e  r e s u l t s  of  t h e  o t h e r  

re fe rences  c i t e d  agree with them. 

As was mentioned before ,  bes ides  t h e  contac t  

p ressure  between two smooth d i s k s ,  t h e  force-def lec t ion  

r e l a t i o n s h i p  f o r  a  s i n g l e  d i s k  o f  th i ckness  b  i s  needed 

(Figure 6 ) .  No s o l u t j o n  e x i s t s  i n  t h e  l i t e r a t u r e  f o r  a 

d i s k  of f i n i t e  r a d i u s  but  does e x i s t  f o r  one of i n f i n i t e  

r ad ius  177,791. The s o l u t i o n  t o  t h e  f i n i t e  r a d i u s  problem 

w i l l  be presented l a t e p  i n  t h i s  paper.  It i s  found using 

a method suggested by P i c k e t t  [81] i n  so lv ing  t h e  similar 

problem of a cy l inde r  under a  compressive lose from two 

r i g i d  bodies.  The method, which uses  Fourier-Bessel s e r i e s ,  

i s  explained i n  t h e  Appendix. With t h i s  sol .u t icn,  compari- 

son t o  t h e  e x l s t i n g  one w i l l  be made and t h e  accuracy i n  

using t h e  midplane s t r e s s  f o r  t h e  con tac t  p res su re  ( a t  zero 

roughness) w i l l  be examined. 

Therefore,  as was done w i t h  s p h e r i c a l  su r faces ,  a  

force-def lec t ion  r e l a t i o n s h i p  f o r  d i sks  w i l l  be presented 

and used along wi th  t h a t  f o r  t h e  a s p e r i t i e s  i n  o rde r  t o  

examine t h e  e f f e c t  o f  varying roughness. 

1 . 6  Deformation of Disks wi th  Center Holes 

While no exact  closed-form s o l u t i o n  e x i s t s  f o r  

t h e  contact  of  two d i sks  wi th  c e n t e r  ho les ,  a numerical one 
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does 1831. This f in i te-e lement  s o l u t i o n  so lves  t h e  mixed 

boundary value problem of zero deformation up t o  rc and 

zero pressure  beyond rc by a t r i a l  and r r n o r  technique of 

l o c a t i n g  r,. The r e s u l t s  a r e  found t o  be independent of  

hole r ad ius .  The r e l a t i o n s h i p  given f o r  rc i s ,  

The model, d a t a  on which (19) i s  based, and an  example of  

t h e  pressure  d i s t r i b u t i o n  f o r  con tac t  between two smooth 

p l a t e s  a r e  given i n  Figures  13 and 1 4 .  It should be noted 

from t h e  l a t t e r  t h a t  t h e  midplane d i s t r i b u t i o n  i s  not  a 

good es t ima te  of  t h e  i n t e r f a c i a l  contac t  p ressure .  Not 

only i s  t h e  nega t ive  pressure  zone not  found i n  t h e  c o r r e c t  

s o l u t i o n  (as i s  expected),  but  t h e  r a t e  of  decrease  of p ( r )  

beyond ro i s  much s t e e p e r  than  that  p red ic t ed  by t h e  m i d -  

plane s t r e s s  curve. However, i f  one extends t h e  tangent  t o  

the midplane s t r e s s  curve a t  ro t o  t h e  r a x i s  i t  w i l l  i n t e r -  

s e c t  a t ,  o r  c l o s e  t o ,  t he  va lue  of  rc p r e d i c t e d  by t he  

numerical s o l u t i o n .  It seems reasonable  then  t o  extend t h i s  

approximation t o  t h e  previous  s e c t i o n  where there was no 

c e n t e r  hole .  I f  t h i s  i s  done i t  i s  seen that  equat ion (19)  

can be used t h e r e  a l s o  f o r  p r e d i c t i n g  rcm One expects  (19) 

t o  decrease i n  accuracy as ro decreases ,  i n  e i t h e r  case .  







T h e ~ e  have a l s o  been approximate s o l u t i o n s  f o r  

p ( r )  developed th rough  t h e  use  o f  t h i n  p l a t e  t heo ry  [84,85]. 

The form used i s  

P W  = p* 

= 0 

The c o n s t a n t s  p*, m,  and rc a r e  unknown and are eva lua t ed  

us ing  v a r i o u s  boundary c o n d i t i o n s  and assumptions.  The 

c r i t i c a l  boundary c o n d i t i o n  t h a t  t h e  d e f l e c t i o n  i s  zero  

w i t h i n  t h e  r a d i u s  o f  c o n t a c t  cannot  be met ,  however. Thin 

p l a t e  t heo ry  assumes uniform stress th rough  t h e  narrow 

dimension of  the p l a t e  (here  t h e  z  axis) .  The essence  o f  

t h e  c o n t a c t  problem cons idered  here i s  t h e  change i n  t h e  

s t r e s s  th rough  t h i s  t h i n  s e c t i o n .  To meet t h e  requirement 

of  changing p ( r )  with z and ze ro  d e f l e c t i o n  f o r  r < rc i s  

imposs ib le .  

A t  l a r g e  v a l u e s  of ro/b one can use  t h e  approxi-  

mat ion  

and,  t h e r e f o r e ,  



Experimental r e s u l t s  [83,85J bear out  t h e  a n a l y t i c a l  work 

done i n  1833. 

Like the  case  wi th  t h e  s p h e r i c a l  su r faces ,  t h e r e  

e x l s t s  a s o l u t i o n  f o r  t h e  contac t  of  two smooth d i s k s  w i t h  

c e n t e r  ho les .  There i s ,  however, no genera l  force-def lec t ion  

r e l a t i o n s h i p  which can be used i n  t h e  more genera l  problem 

of contact  between two rough d i s k s .  Subsequent work w i l l  

y i e l d  such a r e l a t i o n s h i p .  

I n  t h e  subsequent s e c t i o n  t h e  force-def lec t ion  

r e l a t i o n s h i p  f o r  a s p e r i t i e s ,  (7)  o r  (lo), w i l l  be coupled 

w i t h  t h a t  f o r  t h e  s p h e r i c a l  s u r f a c e s ,  d i s k s  without c e n t e r  

ho le ,  and d i s k s  w i t h  c e n t e r  ho le  i n  t u r n  t o  a r r i v e  a t  t h e  

i n t e r f a c i a l  p res su re  d i s t r i b u t i o n  f o r  a rough contac t .  

Knowing p(.r), one can use (3) t o  deter~i i ine  t h e  l o c a l  contac t  

conductance hc( r ) .  With t h i s  knowledge one can, f o r  example, 

f i n d  th.e r e s i s t a n c e  of  a given conf igura t ion .  T h i s  w i l l  be  

done Tn s e c t i o n  3 f o r  a p a r t i c u l a r  bo l t ed  j o i n t .  

- 



2. MECHANICS 

2 . 1  Contact o f  Two Vavy Su r f aces  - 
2 . 1 . 1  Model 

It i s  assumed t h a t  t h e  behav ior  o f  t h e  c o n t a c t  

between two wavy s u r f a c e s  can be  determined by i n v e s t i g a t i n g  

t h e  behavior  o f  t h e  c o n t a c t  between two s p h e r i c a l l y  shaped  

s u r f a c e s .  It i s  f u r t h e r  assumed t h a t  

( a )  t h e  s p h e r i c a l l y  shaped bodies  deform e l a s t i c a l l y ;  

(b) t h e  r a d i u s  of  c o n t a c t ,  r,, i s  small compared t o  t h e  

r a d i i  of  c u r v a t u r e  o f  t h e  two s u r f a c e s ;  

(-c) a s p e r i t i e s  deform p l a s t i c a l l y ;  

(d) a s p e r i t y  he igh t  d i s t r i b u t i o n  above a mean l i n e  is  

G a u ~ s i a n ;  

( e )  a s p e r i t y  c o n t a c t  i s  normal w i th  no t a n g e n t i z l  com- 

pcnent ; 

( f )  t h e  c o n t a c t  ( L e . ,  p r e s s u r e  d i s t r i b u t i o n  and defor-  

mation)  w i l l  be synmetr ic  about  a n  a x i s  through t h e  

c e n t e r  o f  t h e  area i n  c o n t a c t .  

Using t h e s e  assumptions and t h e  model g iven  i n  

F igure  5, one can a r r i v e  a t  t h e  fo l lowing  s e t  of  equa t ions  

( s e e  s e c t i o n s  1 . 3  and 1 . 4 )  f o r  t h e  

( a )  deformat ion of  s p h e r i c a l  s u r f a c e s  



where 

(b) pressure distribution at asperities 

(c) and for the load, F 

There are three unknowns: p(r), w(r), and yo where yo is 

the separation between the two mean lines of the surfaces. 

One can numerically iterate using equations (20), (21), and 

(22) to arrive at a solution for the particular set cf 

variables used. It can be shown that for the special case 

of perfectly smooth surfaces (a  = 0 - Xertz's problem) that 
the solution is 



where ah is the Herzian radius of contact and is 

When a f 0, one does not have a closed-form solution like 

(13) 

Non-dimensionalize equetions (20), (211, and (22) 

with the average Hertzian pressure, po, where 

and with the Hertzian radius of contact, ah. The variables 

become 



One has, then,  from (20) 

where 

from C21) 

and frm (22)  

Thus t h e  non-dimensional fo rce  i s  0.5 and remains f ixed  

r q a r d l e s s  of t h e  choice of and q, t h e  only f r e e  parameters 

f u r  t h e  problem i n  i t s  new nm-dinensional  form. Using t h e s e  

p a r t i c u l a r  v a r i a b l e s  one sees  that  f o r  t h e  Hertz ian problem 

of contact  between two smooth s p h e r i c a l  bodies (;=0), t h e  



- 47 - 

p r e s s u r e  d i s t r i b u t i o n  a l s o  i s  no t  a f u n c t i o n  of and HA 

The r a d i u s  of c o n t a c t  i n  t h i s  ca se  i s  

Thus by choosing t h i s  p a r t i c u l a r  method t o  non- 

d imensional ize  t h e  p r o b l e g o n e  f i x e s  t h e  s o l u t i o n  t o  t h e  

Her tz ian  problem r e g a r d l e s s  o f  l o a d ,  r a d i u s  o f  c u r v a t u r e ,  

e t c .  and t h e n  i s  a b l e  t o  examine d e p a r t u r e s  from t h i s  one 

curve due t o  t h e  p resence  o f  a s p e r i t i e s .  

2 . 1 . 2  S o l u t i o n  

The s o l u t i o n  i s  as fo l lows :  A f irst  guess  i s  
- - 

made of p ( r )  and p laced  i n t o  ( 2 3 ) .  T h i s  f i r s t  guess  i s  

t h e  Her t z i an  d i s t r i b u t i o n  (26 ) .  The r e s u l t a n t  y(F) i s  sub- 

s t i t u t e d  i n t o  ( 2 4 )  a long  w i t h  a guess  f o r  yo. The c a l c u l a t e d  
- - 
p ( r )  i s  p laced  i n t o  (25) and yo i s  a d j u s t e d  u n t i l  t h e  i n t e -  

g r a t i o n  y i e l d s  a  l o a d  equa l  t o  G.5. The accep ted  t o l e r a n c e  
- - 

i s  one p e r c e n t .  Th is  f i n a l  p ( r )  i s  compared t o  t h e  f i r s t  

guess  and i f  they  do not  ag ree  w i t h i n  a p r e s c r i b e d  range 

( 1 % )  a new guess of p(r) i s  made which i s  a weighted average  

6f t h e  o r i g i n a l  e s t i m a t e  and t h e  r e s u l t  from (24 ) .  A f low 

diagram i s  g iven  i n  F igure  15. 
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It was found t h a t  a  p a r t i c u l a r l y  e f f i c i e n t  way of  

converging on t h e  c o r r e c t  va lue  o f  TO was t o  u s e  t h e  fo l lowing :  

. , 

(;O ) i+l = '?0'i + 2  ' [ loge  road us ing  ( j iO~i - l o g e ( t r u e  l o a d )  

The above i t e r a t i v e  scheme was i n c o r p o r a t e d  i n t o  a FORTRAN I V  

program and run  on an  ISM 360/65. Convergence was achieved,  

i f  a t  a l l ,  w i t h i n  f i v e  complete i t e y a t i o n s .  

2.1.3 R e s u l t s  

An example cf t h e  r e s u l t s  that  one can ach ieve  
- - 

i s  shown i n  F igu re  1 6  where p ( r )  i s  g iven  a g a i n s t  r f o r  

va r ious  v a l u e s  of 5 a t  one p a r t i c u l a r  E. A d i f f e r e n t  cho ice  

o f  3 would produce a d i f f e r e n t  f a m i l y  o f  curves .  It should  

be noted  tha t  t h e  behav ior  t h a t  was p r e d i c t e d  by F igu re  4 i s  

s u b s t a n t i a t e d  and one f i n d s  a n  i n c r e a s e  i n  Fc and subsequent  

dec rease  i n  c ( 0 )  w i t h  an  i n c r e a s e  i n  5 .  Presumably t h i s  

w i l l  a f f e c t  hc ( r )  and, conseqnent ly ,  t h e  o v e r a l l  thermal  

r e s i s t a n c e - o f  t h e  i n t e r f a c e .  

A n a t u r a l  q u e s t i o n  t o  a s k  i s :  i f  v a r i o u s  p r e s s u r e  

d i s t r i b u t i o n s ,  r e s u l t i n g  from d i f f e r e n t  paLrs o f  5 and q, 



0 0.5 I A5 2. 2.5 P, I. 
i 

r/ah f 1 .  - .  
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a r e  c a r  w e d ,  how c l o s e  w i l l  t h e  d i s t r i b u t i o n s  be t o  each 

o t h e r  throughout  t h e  range o f  F i'f they  a r e  chosen s o  as t o  

ag ree  a t  i? = 0 1  That i s ,  g iven  t h a t  

t h e n  w i l l  

I n t u i t i v e l y  one expec t s  t h e  agreement t o  be good s i n c e  t h e  

curves  s t a r t  a t  t h e  same l e v e l  a t  r = 0,  have t h e  same 

s l o p e  a t  ? = 0 (symmetry of  t h e  problem),  have t h e  same 

a r e a  underneath them (equa t ion  ( 2 5 ) ) ,  and probably  have t h e  

same g e n e r a l  shape (an exponent ia l - type  decay a s  cpposed t o  

a s h a r p  c u t - o f f ] .  No a t terpt  Vias made t o  determine  i f  t hey  

ag ree  i n  a p r e c i s e  mathematical  s ense ,  b u t  th rough  observa- 

t i o n s  of v a r i o u s  s e t s  of s o l u t i o n s  i t  was found that  t he  

p r e s s u r e  d i s t r i b u t i o n s  do indeed agree w i t h  each o t h e r  

over  t h e i r  range i f  t h e i r  c e n t e r l i n e  va lues  agree .  An 

example i s  shown i n  the t a b l e  below. It was somewhat 

d i f f i c u l t  t o  p i c k  a p r i o r i  a set o f  5 and which would 

p r e c i s e l y  y i e l d  a p a r t i c u l a r  E(0), s o  some t o l e r a n c e  was 

accep ted  f o r  comparison. 



Considering the allowed tolerances during the iterative 

solution, the agreement is excellent. 

The above allows one to conclude that all one 
- - 

qeeds to determine p(r) is E(0) which is, in itself, 

uniquely determined from and g. The relationship between 
- - 
a, H, and p(0) can be determined from the iterative procedure 

mentioned above. Figures 17 and 18 show this relationship 

in two different ways. It should be noted thrt either graph 

could be used to reconstruct the other. 



0
1

 
I 

I 
I 

I 
I 

I 
I 

I 
I 

I 
I 

J 
0

 
I 

2
 

9
.

 4
 

5 
6

 
7
 

8
 

9
 

10
 

I I
 

I2
 

d
/
q

,
 P(
, 

C
E

N
T

E
R

L
IN

E
 

P
R

E
S

S
U

R
E

 F
O

R
 S

P
H

E
R

IC
A

L 
S

U
R

FA
C

E
S

 
A

S
 

A
 

FU
N

C
TI

O
N

 
8
 A

N
D

 
A 

FI
G

. 
I7

 





A peasonable choice of phys ica l  v a r i a b l e s  i n d i c a t e  

t h a t  t h e  expected range of ( o r  B*) i s  

and from Figures  17 and 1 8  i t  can be  seen t h a t  i n  t h i s  range 

F (0 )  i s  a s t r o n g  func t ion  of  and a weak func t ion  of  E. 
Therefore a f u r t h e r  conclusion might be t h a t  t h e  hardness 

(H o r  H*) of t h e  a s p e r i t i e s  has l i t t l e  e f f e c t  on t h e  f i n a l  

p ressure  d i s t r i b u t i o n  and t h e  assumption t h a t  t h e  a s p e r i t i e s  

d e f o ~ m  p l a s t i c a l l y  i s  not  a  c r i t i c a l  one. 

A v a r i a b l e  of i n t e r e s t  i s  t h e  r a d i u s  of con tac t ,  
- 
r . Recause of  t h e  conclusions  drawn above, t h e  r a d i u s  of 

C 

contac t  can be considered a func t ion  of t h e  c e n t e r l i n e  

pressure ,  F ( o ) ,  only.  The minimum value of  rc i s  when t h e  

roughness i s  zero o r  when p ( 0 )  = 1.5. A t  t h i s  value rc = ah 

and Fc = 1. Since t h e  pressure  d i s t r i b u t i o n  f o r  5 # O  f a l l s  

o f f  i n  an exponent ia l - l ike  decay r a t h e r  than i n  a sharp drop as 

it does f o r  5 = 0, t h e r e  i s  no d e f i n i t e  po in t  where one can 

say t h a t  F(Fc) = 0. One must, i n s t ead ,  de f ine  the r a d i u s  

of contac t  i n  an  a r b i t r a r y  manner much l i k e  that i n  which 

t h e  th i ckness  of  a  boundary l a y e r  i s  3ef ined.  The c r i t e r i o n  

used here  i s  t o  d e f i n e  t h e  r a d i u s  of  con tac t  a s  t h e  r a d i u s  

a t  which t h e  pressure  i s  a c e r t a i n  percentage of t h e  center-  

l i n e  pressure .  Three l e v e l s  a r e  considered:  t e n ,  f i v e ,  and 

one percent .  I n  Figure  19 t h e  r e l a t i o n s h i p  3etween F, and 





F(0)  1. shown f o r  t h e s e  t h r e e  l e v e l s .  One sees t h a t  a f i f t y  

percent  drop i n  p(0) l e a d s  t o  an qighty percent  i n c r e a s e  i n  - 
r~ ( a t  t h e  5% l c v e l )  and, t h e r e f o r e ,  over  a two hundred 

percent  inc rease  i n  the a r e a  of  con tac t .  

2.1.4 Discussion and Summary 

I n  t h e  i n t r o d u c t i o n  i t  was mentioneC t n a t  t h e  

problem of a rough s p h e r i c a l  contac t  had been considered 

before  [62,75,68]; bu t ,  because of  the rton-dimensional 

v a r i a b l ~ s  which were chosen, t h e  published r e s u l t s  could not 

h e  used f o r  any arbitrary s e t  of  parameters.  While t h e  

e f f e c t  was demono'--ated, each change i n  governing parameters 

requi red  a ne s o l u t i o n .  The main c o n t r i b u t i o n  here i s  t h a t  

a l l  necessary informat ion i s  reduced t o  two f i s u r e s :  one 

such a s  Figure 17 o r  18 which s h o ~  t h e  r e l a t i o n s h i p  between 

s (0 )  and and g, and one such a s  Figure  20 which i s  a 

"master" graph and which shows the r e l a t i o n s h i p  between 
- - 
p ( r )  and F!. By choosing t he  proper  E(0)  from Figure  17  

o r  1 8  f o r  a p resc r ibed  and 8,- one can determine t h e  rest 
0 - 

of t h e  p ressu re  c: is tr ib: i t ion,  p ( r ) ,  from Figure  20. 

Consider the fol lowing example: 

Assume a wavy durface i n  the shape of a s inuso id  of  t h e  

form 

The r a d i u s  of curva ture  a t  a summit i s  
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F u r t h e ~ . . . o r e  assume that  t h e  peak-to- t rough h e i g h t  i s  5 0 * 1 0 - ~  

i n c h e s / i n z h  o r  

A = 2 5 * 1 0 - ~  i n c h e s  

f = 2n c y c l e s / i n c h  

3 I n  t h i s  c a s e  R = 1 0  i n c h e s  and 

- 
R = R1R2 = 500 i n c h e s  

If t h e  material i s  s t e e 1 , t h e n  

v = .3 

H = 3 . 1 ~ ~  p s i  

and 

6 E = 30.10 p s i  



If t h e  appl ied  load i s  1000 pounds then 

ah - ,283 inches 

Po = 4000 psi  

If o = 3 2 . 1 0 ~ ~  inches, then 

From Figure 1 7  we see t h a t  

I 

We can, therefore, pred ic t  the pressure  d i s t r i b u t i o n ,  F(F), 

us ing  Figure 20, For example we see that 



CT 3 2 . 1 0 ~ ~  i n .  150*10-~ i n .  
L 

u 1.4.6. . . . .  6.85 

-- - - 

0. 1 . 3  9 

. 5 1 . 1 3  - 7 8  

1 . 0  39 . 4 4  

1 5 0 . 'Lo 

2.0 0 0 

We can use F igure  19 t o  f i n d  t h a t  

It i s  seen  from t h e  above t h a t  t h e  e f f e c t  of  t h e  

roughness i s  s i g n i f i c a n t  f o r  va lues  o f  waviness and roughness 

which a r e  common i n  manufactured produc ts .  

Although t h e  non-dimensional v a r i a b l e s  used h e r e  

p r e s e n t ,  f o r  t h e  most p a r t ,  a c l e a r  and g e n e r a l  p i c t u r e  o f  

t h e  problem, i t  i s  d i f f i c u l t  w i t h  them t o  immediately s e e  

the e f f e c t  that the changing o f  t h e  l oad  has  on t h e  p r e s s u r e  

d i s t r i b u t i o n ,  r a d i u s  o f  c o n t a c t ,  e t c .  One observes  t h a t  



A change in F w i l l  praduce a weak change i n  fi. Since t h e  

r e s u l t s  here are not strongly dependent on Ti i n  t h e  f irst  

placerone can ignore  any e f f e c t  of P on without  t o o  much 

e r r o r  i n  the  3 n a l  result. Then, f r o m  Figure  17, a decrease  

i n  P which causes an i n c r e a s e  i n  5, b r i n g s  about a decrease  

in F(0). Prom either Figure 19 o r  20 one sees that t he  

o r i g i n a l  decrease  i n  P which causes a decrease  i n  p(0) also 

i n c r e a s e s  5,. But s i n c e  

and s i n c e  d decrease  i n  F causes a decrease  i n  ah it i s  

unce r t a in  how the product of  t h e s e  two v a r i a b l e s  changes 

and, the re fo re ,  how the a c t u a l  r a d i u s  of contac t  changes. 



This seztion has shown 

[a) bow in the contact of two rough spherically shaped 

surfaces the behavior can be described by two 
C 

parameters, o and z; 
(b)  how the centerline pressure, E(o), determines the 

remainder of the pressure curve EC?) with good 
engineering accuracy; 

[cl how ~ C O )  is a strong function of 5 ,  a weak function 

of a, and not a function of any other parameter; 

(d) and how for reasonable values of material properties 

and loads the efcect of roughness on the pressure 

distribution can be significant. 

In the following sections the above pracedure 

will be repeated for disks with and without center holes. 

After this is done the resulting information on pressure 

distributions for the different models will be converted 

into data on contact conductance and the total thermal 

resistance 9f certain joints will be presented. 



2 .2  Contact o'f Two P l a t e s  withbut' Holes 

2.2.1' No'd'el 

The model used f o r  the con tac t  o f  two p l a t e s  

which do not  have a c e n t e r  ho le  i s  the con tac t  of  two d i sks  

o f  f i n i t e  r a d i u s  and f i n i t e  th i ckness  as shown i n  Figure  6. 

It i s  assumed t h a t  

(a)  t h e  d i s k s  deform e l a s t i c a l l y ;  

Cb) a s p e r i t i e s  deform p l a s t i c a l l y ;  

(c )  a s p e r i t y  he ight  d i s t r i b u t i o n  above a mean p lane  i s  

Gaussian ; 

(dl a s p e r i t y  con tac t  i s  normal wi th  no t a n g e n t i a l  

component; 

( e )  t h e  con tac t  C i .  e., p res su re  d i s t r i b u t i o n  and defor- 

mation) w i l l  be symmetric about an a x i s  through t h e  

c e n t e r  of t h e  a r e a  i n  con tac t ;  

(f) bo th  d i s k s  have t h e  same dimensions, m a t e r i a l  

c h a r a c t e r i s t i c s  and loading  d i s t r i b u t i o n .  

A s  mentioned before ,  no s o l u t i o n  t o  t h e  e l a s t i c  

deformation of a d i s k  with f i n i t e  r a d i u s  e x i s t s  i n  t he  l i t e r a -  

t u r e .  The method used he re  t o  f i n d  such a s o l u t i o n  i s  an 

i n f i n i t e  Fourier-Bessel series technique* A d e t a i l e d  

d e s c r i p t i o n  i s  given i n  t h e  Appendix and only a b r i e f  o u t l i n e  

of  t h e  procedure i s  presented below t o  i n d i c a t e  t h e  genera l  

na tu re  of  t h e  s o l u t i o n ,  

Four i e r  s e r i e s  a n a l y s i s  Is used s u c c e s s f u l l y  i n  

t h e  s o l u t i o n  of t h e  Laplacian 



i n  p o t e n t i a i  f f e l d  problems because i t  i s  r e l a t i v e l y  easy t c  

pick t h e  f l n a l  s o l u t i o n ,  save f o r  cons tan t s ,  out  of t h e  

family of possxble s o l u t i o n s .  This 1s l a r g e l y  because t h e r e  

i s  only one condi t ion  t o  s a t i s f y  a t  any boundary. A problem 

i n  e l a s t i c i t y ,  however, r e q u i r e s  t h e  s o l u t i o n  t o  a  biharmonic 

equat ion,  

The biharmonic not  only in t roduces  a l a r g e r  f a m i l y  of  s o l u t i o n s  

from which t o  choose,but i t  a l s o  r e q u i r e s  two condi t ions  t o  

be s a t i s f i e d  a t  each boundary. The sum e f f e c t  i s  t o  make it 

d i f f i c u l t  i f  not impossible f o r  one t o  choose out  of  t h e  

a v a i l a b l e  s o l u t i o n s  t h e  p a r t i c u l a r  one which w i l l  sa t isfy t h e  

given boundary condi t ions ,of  which t h e r e  a r e  e i g h t  i n  an 

axially-symmetric problem. It i s  not  d i f f i c u l t ,  however, t o  

choose a s o l u t i o n  which w i l l  s a t i s f y  four  boundary condi t ions ,  

two of which a r e  on t h e  same axis and a r e  a  homogeneous p a i r .  

The technique used wi th  mul t ip l e  FourierABessel s e r i e s  i s  t o  

d iv ide  t h e  problem i n f o  p a r t s  where only f o u r  boundary con- 

d i t i o n s  a r e  requi red .  By superpos i t ion  t h e  s e c t i o n s  a r e  

r e u n i t e d  i n t o  the o r i g i n a l  problem. Fur the r  explana t ion  and 

an exalnple a r e  found i n  t h e  Appendix along with the  s o l u t i o n s  

t o  var ious  problems used i n  t h i s  paper.  



SufTice i t  t o  s a y  t h a t  m e  can o b t a i n  s o l u t i o n s  In 

t h e  form 

The f irst  term, ao, i s  t h e  zeroe th  term and is  tl:c- average 

value of  t h e  unknown Ce .go ,  a .  The remaining series a r e  

the Fourier-Bessel expansions which have an average value o f  

zero i n  t h e  homogeneous d i r e c t i o n .  I n  the body o f  t h i s  r e p o r t ,  

t h e  s o l u t i o n s  a r e  presented i n  shor tened parametr ic  forms, 

t h e  f u l l  expansions of  uhich can be found i n  t h e  Appendix. 

There are two possibze a r e a s  of  d i f f i c u l t y  i n  us ing 

an i n f i n i t e  s e r i e s  s o l u t i o n  t o  t h e  e l a s t i c  problem: i f  con- 

vergence i s  n c t  r a p i d  a numerical r e s u l t  w i l l  be d i f f i c u l t  

and expensive t o  g e t ;  and, s i n c e  t h e  i n f i n i t e  s e r i e s  used 

here  a r e  supe rpos i t ions  of o s c i l l a t i n g  ' func t ions ,  a numerical 

result w i l l  be i n  the form o f  an o s c i l l a t i o n  superimposed on 

t h e  average value.  The l a r g e r  t h e  number o f  terms, the  g r e a t e r  

t h e  frequency of o s c i l l a t i o n .  A d e f l e c t i o n  c a l c u l a t e d  wi th  

such an i n f i n i t e  s e r i e s ,  f o r  example, would not p r e d i c t  a 

smooth continuous su r face  but  a wavy one. Thus when one 

introduced t h e  presence of  a s p e r i t i e s ,  the mathematics would 

not recognize the waviness as a spur ious  o s c i l l a t i o n  but  

would cons ider  it as a t r u e  r ep resen ta t ion  of t h e  su r face .  



Both t h e s e  p r o b l e m  can be overcome by u s ing  

t r u n c a t i o n  terms,  tn,  i n  a  f i n i t e  s e r i e s  so  t h a t  one would 

have 

i n s t e a d  of  t h e  o r i g i n a l  i n f i n i t e  s e r i e s .  S ince  t h e  average  

va lue  o f  each term i n  t h e  series i s  ze ro  i n  t h e  homogeneous 

d i r e c t i o n ,  t h e  t r u n c a t i o n  term does no t  a l t e r  t h e  aver,age 

va lue ,  a. of  t h e  v a r i a b l e  - he re  0, .  The t r u n c a t i o n  te rm 

a l lows cne t o  use only  N te rms i n  the s e r i e s  and dampens ou t  

t h e  o s c i l l a t i o n s  by dec reas ing  t h e  e f f e c t  o f  h i g k e r  frequency 

terms.  The n e t  r e s u l t  i s  t o  make t h e  p r e d i c t i o n s  as smooth 

and cont inuous  m a t h e n a t i c a l l y  as t h e y  are p h y s i c a l l y .  The 

t r u n c a t i o n  terms a r e  d i s cus sed  f u r t h e r  i n  t h e  Appendix and 

i n  [881. 

With t h e  above i n  mind, one can s t a t e  t h a t  f o r  

t h e  problem shown i n  F igure  6,  t h e  governing equa t ions  a r e :  

( a )  deformat ion cf s o l i d  d i s k s  



Cb] pressure distribution at  asperities 

( c )  and f o r  load 

The above are written d irec t ly  In non-dimensional 

form. The variables are 

The difference i n  the non-dimensional variables between the 

above and that used before i s  that the radial  variables are 



div ided  by t h e  d i s k  th ickness  r a t h e r  t h a n  t h e  c o n t a c t  r a d i u s .  
- - 

Also, i n  equa t ion  (28) t h e  f a c t o r  ''2" appears  because w ( r )  

i s  t h e  d e f l e c t i o n  f o r  one p l a t e  only.  

The above set  o f  equa t ions  i s  so lved  i n  e x a c t l y  

t h e  same way as was done f o r  t h e  s p h e r i c a l  s u r f a c e s .  However, 

r a t h e r  t han  p re sen t  t h e  s o l u t i o n s  a t  t h i s  p o i n t  a s  was done 

i n  t h e  p rev ious  s e c t i o n ,  t h e  midplane stress o f  a d i s k ,  t h e  

c l a s s i c a l  s o l u t i o n  t o  the c o n t a c t  problem, w i l l .  be  d i scussed .  

2.2.2 Midplane Stress - 
The midplane stress of  a d i s k  o f  t h i c k n e s s  2b has 

been used before  as t h e  i n t e r f a c i a l  p r e s s u r e  d i s t r i b u t i o n  f o r  

t h e  con tac t  o f  two smooth d i sks  o f  t h i c k n e s s  b each  [79,803. 

T t  was shown by Gould 1833 t h a t  t h i s  approximation o v e r e s t i -  

mates t h e  a c t u a l  r a d i u s  o f  c o n t a c t .  It i s  u s e f u l ,  however, 

t o  examine t h e  midplane stress d i s t r i b u t i o n  s o  t h a t  one can 

ccmpare pub l i shed  r e s u l t s  w i th  t h o s e  c a l c u l a t e d  here, t h u s  

- . ldicating t h e  accuracy o f  t h e  methods used here. One can 

a l s o  i n v e s t i g a t e  behavior  common t o  t h e  c o n t a c t  problem wi thout  

t h e  complexity of  t h e  c o n t a c t  problem s i n c e  an  e f f e c t  t h a t  i s  

apg rec i ab l e  t o  one should  be a p p r e c i a b l e  t o  t h e  o t h e r .  

For t h e  model shown i n  F igure  21a and t h e  boundary 

cond i t i ons  

1 r r  c*, ; 



MODEL. FOR M I D P L A ~ E  STRESS 
IN DlSK WITHOUT HOLE 

MODEL FOR MIDPLANE STRESS 
I N  DlSK WITH HOLE 



'rz = 0 

r = 0 s t r e s s e s  f i n i t e  

t h e  midplane s t r e s s  i s  

I f  one n e g l e c t s  t h e  boundary c o n d i t i o n  

t h e  midplane s t r e s s  t h e n  becomes 

A s  i s  shown i n  the Appendix, a t  l a r g e  a e q u a t i o n  (31) i s  

e q u i v a l e n t  t o  t h o s e  equa t ions  used i n  179,803 which were 

de r ived  us ing  Hankel t r ans forms  f o r  a d i s k  of i n f i n i t e  r a d i u s .  



If one compare:! t he  r e s u l t s  f o r  l a rge  from C30) o r  (31) t o  

those published, one can es t imate  th.e accuracy of t he  mul t ip le  

s e r i e s  method w e d  i n  t h i s  report. Fortunately,access was 

had t o  t he  computed numerical output used i n  [Bole  The 

agreement between (30) and the  da t a  from 1803 i s  excel lent .  

T h i s  i s ,  o.? course, t o  be expected s ince  at l a rge  a (30)  i s  

equivalent K O  the formula used i n  1807. Figure 22 shows the  

midplane str\?ss d i s t r i b u t i o n  f o r  various values of Fo when 

i s  s u f f i c i e n t l y  l a r g e r  than ro as t o  be consfdered i n f i n i t e .  

J u s t  how mucn l a r g e r  t h i s  must be w i l l  be discussed l a t e r .  

An m e d i a t e  o b s e r v a t h n  aade from Figure 22 Is t h a t  

t h e  curves for FO = 2 and FO = 3 are remarkably sinxllar and 

seem t o  be linear t r a n s l a t i o n s  o f  each o t h e r  over a wfde 

m a e .  It ~ 8 . 3  found by comparing d i f f e r e n t  numerical solu- 

tions t h a t  f o r  s0>2 t h e  curves for d i f f e r e n t  FO are similar 
0 0 

for r - 1 The stress di:?rIbut ion in t h i s  range is 

shown i n  Figure 23. nor values of F0>2, therefore, one can 

recons t ruc t  t h e  d d p l a n e  stress d i s t r i b u t i o n  without r e s o r t i n g  

t o  equations such as (30) o r  (31). 

Another observation i s  that i f  one draws a tangent - 
t o  the curve a t  = ro and then extends t h i s  tangent so  t h a t  

it i n t e r s e c t s  t h e  absc issa ,  one has an es t imate  of t he  radius  

of contact  f o r  t h e  a c t u a l  case of two contact ing d i sks  whfch 

i s  c lose  t o  $hat ~ ~ e d i c t e d  by Gould 1837. The pred ic t ion  i s  
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- 74 - 

which compares favorably t o  that obtained in 1831, 

- 
r = F0 + 0.50 

C 

Thus an  e s t tma te  can be made of t h e  contac t  a r e a  from t h e  

midplane s t r e s s  curve by not  only neg lec t ing  t h e  t e n s i l e  

s t r e s s  zone but  by a l s o  ignor ing  t h e  f l a i r i n g  of t h e  d i s t r i -  

but ion immediately before  t h i s  zone. 

A ques t ion  asked e a r l i e r  was how much greater does 
- 
a have t o  be than  SO f o r  t h e  d i s k  t o  be considered t o  be of  

i n f i n i t e  r ad ius?  O r ,  s t a t e d  i n  a d i f f e r e n t  manner, f o r  a 
9 

f i x e d  ?O, how does uZ/po change as inc reases?  For = ro 

t h e  p ressu re  d i s t r i b u t i o n  i s  t r i v i a l :  oZ/po = -1. For 
- 
a>>?0 t h e  p ressu re  d i s t r i b u t i o n  i s  l i k e  that  shown i n  Figure  

23. How the  t r a n s i t i o n  occurs  from one t o  another  i s  shown 

i n  Figure 24. It i s  assumed t h a t  any ?.O can be chosen t o  

i n v e s t i g a t e  t h e  e f f e c t  of  changing and t h e  r e s u l t s  w i l l  
- 

b e  common t o  a l l  values  o f  Go (except  poss ib ly  f o r  very small 

ones which are not  of  much p r a c t i c a l  i n t e r e s t ) .  The p a r t i -  

c u l a r  one used here  f o r  comparison i s  Fo = 1. 

As is  shown i n  Figure  24, when 

no f u r t h e r  change occurs  t o  the midplane pressure  d i s t r i b u t i o n  

i n  t h e  e n t i r e  range. When 
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no f u r t h e r  change occurs  i n  t h e  r e g i o n  where t h e  s t r e s s  i s  

compressive: e ,  a l l  d i f f e r e n c e s  between curves  f o r  

d i f f e r e n t  v a l u e s  o f  a a r e  i n  t h e  r e g i o n  of  t e n s i l e  s t r e s s .  

Thus one can assume t h a t  if a > 4r0, t h e  d i s k  may be cons idered  

t o  be of i n f i n i t e  e x t e n t  and any boundary cond1ti .m a t  t h e  

edge r = a can be ignored.  If a i s  l a r g e  enough, t h e r e f o r e ,  

one can use  e q u a t i o n  (31) i n  c a l c u l a t i n g  t h e  midplane stress 
- 

r a t h e r  t h a n  equa t ion  (3O), which i s  t h e  e x a c t  s o l u t i c n .  - Since  

equa t ion  u 0 1  has two i n f i n i t e  s e r i e s  whose c o e f f i c ~ e n t s  must 

be so lved  f o r  s imul taneous ly  and s t n c e  equa t ion  (31) has  j u s t  

one s e r i e s  wi th  no need f o r  s imul taneous  s o l u t i o n  of  c o e f f i -  

c i e n t s ,  i t  i s  b o t h  more convenient  and l e s s  expensive  t o  use  

(31) 

The l a s t  conc lus ion  t o  be drawn from t h e  work done 

on t h e  midplane stress i s  t h a t  Po i s son ' s  r a t i o  does no t  a f f e c t  

t h e  s t r e s s  d i s h - i b u t i o n  i n  any way. Th is  cay, be seen from 

(30) and (31)  which a r e  no t  i n f l u e n c e d  a t  a l l  by v .  

The conc lus ions  dram, t h e n ,  from t h e  s tudy  o f  

midplane s t r e s s  d i s t r i b u t i o n  of  a d i s k  of t h i c k n e s s  2b a r e :  

( a )  t h e  methods used h e r e  t o  s o l v e  t h e  e l a s c i c  deforma- 

t i o n  of a t h i c k  d i s k  o f  f i n i t e  r a d i u s  a r e  a c c u r a t e ;  

Cb) an e s t i m a t e  o f  the c o n t a c t  a r e a  can be  made by 
- 

ex tend ing  a t angen t  from t h e  curve  a t  = ro t o  t h e  

a b s c i s s a ;  



( c )  f o r  F O  > 2 and f o r  l a r g e  g, midplane s t r e s s  d i s t r i -  

but ions  f o r  d i f f e r e n t  GO a r e  merely l i n e a r  t r a n s l a -  

t i o n s  of  each o t h e r ;  

( d )  S f  4r0 t h e  boundary condi t ions  s p e c i f i e d  a t  
- 
r = a can be ignored without  e r r o r  and t h e  s impler  

governing equat ion can be used; 

( e )  Po i s son t s  r a t i o ,  v ,  does not  a f f e c t  t h e  midplane 

s t r e s s  d i s t r i b u t i o n .  

Now t h a t  t h e  c l a s s i c a l  single-body contac t  model 

has been examined, we s h a l l  r e t u r n  t o  t h e  two-body model, 

Plgure 6. 

2.2.3 Solu t ion  

The s o l u t i o n  t o  t h e  con tac t  of two d i s k s  where 

t h e  roughness i s  allowed t o  a l t e r  t h e  p ressu re  d i s t r i b u t i o n  

i s  achieved using t h e  same procedure as was done f o r  t h e  

s p h e r i c a l  su r faces .  The flow diagram given i n  Figure 15 

c l n  be  used here  wi th  t h e  s u b s t i t u t i o n  o f  equat ion numbers 

\. '. 
(27) ,  (281, and (29) f o r  (231, (241, and (25) .  The same 

algor i thm i s  used t o  c a l c u l a t e  yo. 
Some d i f f i c u l t y  is  encountered, however, i n  t h e  

s o l u t i o n  P q r  t h e  d i sk s  which i s  not  found i n  t h e  case  o f  

t h e  s p h e r i c a l  su r faces .  I n  t h e  l a t t e r  t h e r e  i s  an  o r i g i n a l  

curva ture  t o  t he  su r faces  which r a p i d l y  en la rges  t he  gap 

between t h e  two bodies and quick ly  reduces the  chances f o r  

a s p e r i t y  con tac t  a t  any apprec iab le  d i s t a n c e  from t h e  o r i g i n a l  

r a d i u s  of  con tac t .  I n  the former t h e  gap is  r e l a t i v e l y  



narrow . L t h  no o r i g i n a l  c u r v a t u r e  t o  superimpose on t h e  de- 

f l e c t i o n .  Thus t h e  e f f e c t  o f  t h e  a s p e r l  : i e s  i s  more pro- 

nounced than  t h a t  found w i t h  t h e  sphe re s ,  and any o s c i l l a -  

t i o n s  which occur  du r ing  t h e  s o l u t i o n  t a k e  l onge r  t o  d i e  

o u t .  When i t e r a t i n g  f o r  t h e  c o n t a c t  between t h e  two d i s k s ,  

i t  becomes impor tant  t o  choose t h e  p rope r  i n i t i a l  s t r e s s  

d i s t r i b u t i o n  ana t h e  p roper  weight ing parameter  f o r  subse- 

quent e s t i m a t e s  o f  p r e s s u r e  d i s t r i b u t i o n s .  

Otherwise t h e  proczdure i s  t h e  same a s  be fo re :  
0 - 

guess  a p ( r )  and s u b s t i t u t e  i t  i n t o  ( 2 7 ) ;  t a k e  t h e  subsequent 

d e f l e c t i o n ,  c(z), and p l a c e  t h a t  a long  w i t h  a guess  for f O  

i n t o  (28) ;  a d j u s t  t h e  yo i n  ( 2 8 )  u n t i l  t h e  E(?I it p r e d i c t s  

s a t i s f i e s  (29); and f i n a l l y ,  compare t h i s  E(F) w i t h  t h e  

o r i g i n a l  and, i f  d i f f e r e n t ,  t a k e  t h e  weighted average  and 

start  a g a i n ,  A computer program w r i t t e n  i n  FORTRAN I V  f o r  

t h e  IBM 360/65 which w i l l  perform t h e  above i s  l i s t e d  i n  

t h e  Appendix. 

', 2.2,4 Resu l t s  
- 

Unlike with s p h e r i c a l  s u r f a c e s ,  a l l  data concerning 

t h e  c o n t a c t  problem of  two d i s k s  c a n n ~ t  be  expressed  by one 
- 

master graph.  There a r e  t o o  many governing parameters :  a 

and as b e f o r e  and now F0 and 6. P h y s i c a l l y ,  though, one 

can expect  t o  be much g r e a t e r  than FO; and, from t h e  con- 

c l u s i o n s  drawn i n  t h e  p rev ious  s e c t i o n  on midplane stress, 

one can t r e a t  t h e  d i s k  r a d i u s  as i n f i n i t e  and no l o n g e r  



- 
consider  It a v a r i a b l e  i n  t h e  yroblem. This leaves  5,  H ,  

and FO. UnTortucaiely no f u r t h e r  r educ t ion  can be made. 

For one p a r t i c u l a r  FO one can p l o t  t h e  p ressu re  

d i s t r i b u t i o n  f o r  var ious  va lues  of  5 a t  one 8. By changing 
- 
H and comparing two d i f f e r e n t  d i s t r i b u t i o n s  caused by d i f -  

f e r e n t  values  of  and Ti but having t h e  sam c e n t e r l i n e  

pressure ,  F(o) ,  one aga in  sees  t h a t  t h e  d i s t r i b u t i o n s  match. 

One can then p l o t  F(0) versus  f o r  d i f f e r e n t  va lues  of  

and observe t h a t  c ( 0 )  i s ,  as before ,  a s t r o n g  func t ion  of  

5 and a weak func t ion  of 8. Since p(F) is determined s o l e l y  
- 

from F ( O ) ,  one can p i ~ t  r versus  E(0) f o r  d i f f e r e n t  percent-  c 

age l e v e l s .  This  i s  a l l  t he  same a s  a s s  done before  except 

now it has t o  be repea ted  f o r  each v ~ l u e  of 0' 

Data f o r  t h r e e  va lues  of FO are shorn i n  subsequent 
- 

graphs: ro = 0.5, 1 .0 ,  and 2.0. I n  Figures  25, 26, and 27 

t h e  change i n  p ressu re  d i s t r i b u t i o n  w i t h  changing 5 i s  shown 

a t  one value o f  There i s  no da'ca f o r  t h e  contac t  of  two 

smooth d i r k s  without ho les  as t h e r e  i s  f o r  s p h e r i c a l  su r faces  

o r  f o r  d h k s  w i t h  ho les  [83]. But e s t ima tes  c a n  be made 

using t h e  conclusions  drawn from the midplane stress curves 

given i n  s e c t i o n  2.2.2. These a r e  shown I:,. t h e  figures as 

dashed l i n e s  and serve a s  a rough guide t o  the  e f f e c t  t h a t  

roughness has on t h e  d i s t r i b u t i o n .  

The immediate observa t ton  made i s  that  the e f f e c t  

of  roughness on d i sk s  i s  much more pronounced than  t h a t  

a l ready  shown f o r  t h e  s p h e r ~  (a igure  16). This  is t o  be 
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expected s i n c e  t h e  o r i g i n a l  c u r v a t u r e  o f  t h e  sphe re s  draws 

t h e  two s u r f a c e s  a p a r t  qu i ck ly  and removes any p o s s i b i l i t y  

f o r  c o n t a c t .  It should  a l s o  be noted  that  t h e  range o f  

which i n f l u e n c e s  t h e  d i s t r i b u t i o n  changes markedly f o r  each 
- 
'0 : f o r  FO = 0.5 i t  i s  0.1 < Z < 1.0;  f o r  Fo = 1 . 0  it i s  

1.0 < < 10;  and f o r  so = 2.0 it i s  1 0  < < 100. Again 

t h i s  i s  no t  unexpected s i n c e  a larger  Go i m p l i e s  a t h i n n e r  

p l a t e .  A t h i n n e r  p l a t e  has  greater deformat ion and r e q u i r e s ,  

t h e r e f o r e ,  a l a r g e r  a s p e r i t y  h e i g h t  t o  cause  t h e  needed 

i n t e r f e r e n c e .  

These t h r e e  f i g u r e s  are a l l  f o r  a s p e c i f i c  va lue  

o f  E. If one recomputes t h e  stress d i s t r i b u t i o n s  f o r  o t h e r  

va lues  o f  and t h e n  compares two curves  w i t h  t h e  same v a l u e  

o f  c e n t e r l i n e  p r e s s u r e ,  5 ( 0 ) ,  bu t  no t  n e c e s s a r i l y  t h e  same 

va lues  o f  5 and A, one f i n d s  here as w i t h  t h e  s p h e r i c a l  

s u r f a c e s  tha t  t h e  d i s t r i b u t i o n s  l i e  on each o t h e r .  That  i s ,  

t hen  f o r  a l l  ? 

Following the same procedure  as be fo re ,  one can g r a p h i c a l l y  

i l l u s t r a t e  the r e l a t i o n s h i p  between F(o) ,  T ,  and H *  Thi s  
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CENTERLINE PRESSURE VERSUS ROUGHNESS 
FOR DISKS WITH NO HOLE 

FIG. 29 



CENTERLINE PRESSURE VERSUS ROUGHNESS 
FOR DISKS WITH NO HOLE 

FIG. 30 



r e l a t i o n s h i p  i s  shown i n  Figures  28, 29 ,  and 30. Since it 

i s  found aga in  t h a t  F (0)  i s  a s t r o n g  func t ion  of 5 and a 

weak one of  8, only one r e p r e s e n t a t i v e  va lue  of  8 i s  used 

i n  each f i g u r e ,  = 100.  I n  Figure  29 ( t h a t  f o r  Fo = L O ) ,  

however, t h e  E(0)  - curve f o r  = 10 i s  a l s o  shown so  a s  

t o  demonstrate how t h e  behavior  he re  does p a r a l l e l  t h a t  

shown i n  Figure  17  f o r  t h e  s p h e r i c a l  su r faces .  

Since 5 and IT determine i ( 0 )  uniquely and s i n c e  
9 - S(O)  determines p ( r ) ,  one can aga in  p l o t  t h e  r a d i u s  o f  con tac t ,  

- 
r ~ )  versus  F(0) without any o t h e r  parameters.  For t h e  same 

reasons as those  d iscussed  bef'ore, t h e  con tac t  r a d i u s  i s  

a r b i t a r i l y  def ined  a t  t h r e e  l e v e l s :  where F(Fc) i s  10% o f  

6 ( 0 ) ,  5% of 5 (0 ) ,  and 1% of c ( 0 ) .  The r e s u l t s  are shown i n  

Figures  31, 32 ,  and 33. The same genera l  behavior i s  shown 

here  as i n  Figure  19 f o r  s p h e r i c a l  s u r f a c e s  except t h a t  i n  

t h e  case  of  two d i s k s  t h e  curves  s e p a r a t e  from each o t h e r  

much more r a p i d l y  as E(0) decreases  than  they d id  f o r  spheres.  

 his i s ,  again ,  because of  t h e  g r e a t e r  i n f l u e n c e  t h a t  t h e  

a s p e r i t i e s  have i n  t h e  gap between t h e  d i sk s  than  i n  t h e  

gap between the  s p h e r i c a l  su r faces .  

I n  s e c t i o n  2.1.4 an  example was g iven  t o  demonstrate 

how t h e  resu lLs  t h e r e  could tz used. The procedure here i s  

t h e  same. I f  one had so = 1 f o r  example, one would c a l c u l a t e  

5 an2 a and go t o  Figure  29 t o  f i n d  t h e  c e n t e r l i n e  pressure .  

With t h i s  value of  E ( o ) ,  one can go t o  Figure  32 f o r  sc and 

t o  Flgure  26 f o r  E(F) .  The l a t t e r  can be used as a master 



RADIUS OF CONTACT AT VARIOUS PRESSURE 
LEVELS FOR DISKS WITH NO HOLES 
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graph rega rd les s  of  t h e  labels  on t h e  i n d i v i d u a l  curves a s  

long as t h e  curve with t h e  proper F (0 )  i s  chosen. 

2.2.5 Summary 

These previous  s e c t i o n s  have shown t h a t  the  e f f e c t  

o f  a s p e r i t i e s  on t h e  contac t  o f  two d i s k s  without ho les  i s  

similar t o  t h e  e f f e c t  or? t h e  contac t  cf two s p h e r i c a l  su r faces .  

I n  t h e  former, however, 5 . t  is much more pmvraunced and t h e  

r a d i u s  o f  contac t  f o r  t h e  d i s k s  i n c r e a s e s  wi th  i n c r e a s i n g  

roughness a t  a g r e a t e r  r a t e  than  it would ' o r  t h e  spheres.  

This ,  i t s e l f ,  has s i g n i f i c a n c e  f o r  t h e  thermal contac t  

problem f o r  i t  is  p r e c i s e l y  t h i s  inc rease  i n  5, which i s  

of importance. 

It was a l s o  shown how t h e  e l a s t i c  deformation 

s o l u t i o n  used i n  thfs r e p o r t  can be considered a s  be in3  

accura te  i f  it i s  compared t o  e x i s t i n g  data i n  t h e  l i t e r a t u r e  

and it was a l s o  shown how var ious  parameters such as Poisson 's  

r a t i o  in f luence  t h e  f i n a l  r e s u l t .  

One d i f f e r e n c e  between t h e  f n 2 o . m t i o n  presented 

here and t h a t  g iven eari ier  f o r  spheres  is  that an  e x t r a  - 
parameter, ro, i s  needed. This  l e a d s  t o  a family o f  curves 

rather than  t h e  s i n g l e  one used before .  T h i s  i s  mostly J u s t  

an  inconvenience, however, and t h e  b a s i c  behav3.or remains 

t h e  same. 

The next  s e c t i o n  w i l l  r epea t  the procedure followed 

f o r  t h e  s p h e r i c a l  su r faces  and f o r  the disks without ho les ,  

but  this  time f o r  t h e  contac t  of  two d i s k s  wi th  c e n t e r  holes .  



, , i . 3  - - : t a c t  of  Two P l a t e s  wi th  Center  Holes 

The model used f o r  t h e  c o n t a c t  o f  two p l a t e s  w i t h  

a c e n t e r  hole  i s  t h e  con tac t  o f  two d i s k s  (w i th  c e n t e r  h o l e )  

of  f i n i t e  r a d i u s  and f j n i t e  t h i c k n e s s  as shown i n  FTgure 7 .  

It i s  assumed t h a t  

( a )  t h e  d i s k s  deform e l a s t i c a l l y ;  

(b )  a s p e r i t i e s  deform p l a s t i c a l l y ;  

( c )  a s p e r i t y  he igh t  d i s t r i b u t i o n  above a mean p lane  i s  

Gaussian; 

( d l  a s p e r i t y  c o n t a c t  i s  normal w i t h  no t a n g e n t i a l  component; 

( e )  t h e  con tac t  ( i . e . ,  p r e s s u r e  d i s t r i b u t i o n  and deforma- 

t i o n )  w i l l  be symmetric about  an  a x i s  through t h e  

c e n t e r  o f  t h e  a r e a  i n  c o n t a c t ;  

( f )  both d i s ~ s  ha-~e t h e  samz dimensions,  m a t e r i a l  char- 

a c t e r i s t i c s  and load ing  d i s t r i b u t i o n .  

Again, no s o l u t i o n  f o r  t h e  e l a s t i c  deformation o f  

t h e  d i s k s  e x i s t s  and t h e  m u l t i p l e  i n f i n i t e  s e r i e s  t echn ique  

descr ibed  be fo re  i s  used. The boundary c o n d i t i o n s  a r e  



The d e s i r e d  r e s u l t  i s  the d e f l e c t i o n  a t  z = 0 due t o  t h e  

appl ied  p ressu re ,  p ( r ) .  A s  before ,  i t  w i l l  be assumed 

that a >> ro and t h a t  a l l  boundary condi t ions  a t  r = a 

can be ignored. It w i l l  a l s o  be assumed t h a t  t h e  

boundary condi t ion  

can be ignored. T h i s  i s  done f o r  expediency's sake and t h e  

e r r o r  involved w i l l  be d i scussed  la ter .  

The governing equat ions  are, then ,  

(a)  deformation of s o l i d  d i s k s  

(b)  p ressure  d i s t r i b u t i o n  a t  a s p e r i t i e s  

TT p(F) = - e r f c  I 



c and f o r  l oad  

The same non-dimensional v a r i a b l e s  a r e  used he re  

a s  were used i n  2 . 2  w i th  t h e  a d d i t i o n  of  

A d i g r e s s i o n  w i l l  be  made he re ,  as was done pre-  

v i o u s l y ,  t o  s tudy  t h e  midplane stress so as t o  g a i n  i n s i g h t  

i n t o  t h e  overaa l l  problem. 

2.3.2 Midplane S t r e s s  

Here w e  examine t h e  midplane s t r e s s  o f  a d i s k  o f  

t h i c k n e s s  2b. A s  w i t h  t h e  d i s k s  w i t h  no c e n t e r  ho l e s ,  t h i s  

s t r e s s  has been used b e f o r e  as an  e s t i m a t e  o f  t h e  i n t e r f a c i a l  

p r e s s u r e  d i s t r i b u t i o n  i n  smooth two-body c o n t a c t  problems. 

For  t h e  body shown i n  F igure  21b and t h e  boundary c o n d i t i o n s  



t h e  midplane stress i s  

Note t h a t  t he  boundary condi t ions a t  r = a have not been 

used. It has been t a c i t l y  assumed that i s  s u f f i c i e n t l y  

g r e a t e r  than GO ( L e . ,  Z>4FO) so t h a t  t h e  o u t e r  edge may 

be assumed t o  be a t  i n f i n i t y .  This i s  phys ica l ly  reasonable. 

Resul ts  from (35) are compared t o  data i n  t h e  

l i teratwe, notably t h e  work of Could 1831, Bradley  1841, 

and Fermlund 1873. The first two solve'  f o r  t h e  midplane 

stress using a f i n i t e  element ana lys i s ;  the latter uses a 

technfque similar t o  t h a t  used here but somewhat less 

r igorous i n  app l ica t ion .  Agreement between t h e  r e s u l t s  

computed here from (35) and those f r ~ m  1 8 3 1  and 1 8 4 1  a r e  

exce l l en t  ( s se  Figures 34 and 35); agreement with t h a t  

from 1 8 7 1  i s  poor. This i s  because the boundary condi t ions 

a t  r = c are ignored i n  1873 while t h e y  are satisfied i n  

t h e  o thers .  More on this w i l l  be  discussed later.  
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MIDPLANE STRESS OF DISK WITH HOLE 

FIG. 34 





Another parameter ,  t h e  h o l e  r a d i u s ,  h a s  been added 

t o  t hose  a e d  be fo re .  Rather  t h a n  cons ide r  a l l  p o s s i b l e  

combinations of  ho l e  r a d i i  and l o a d  r a d i i ,  t h r e e  s p e c i f i c  
- 

va lues  o f  a a r e  used: c  = 1 . 0 ,  0 .5 ,  and 0.25. I n  F igures  

36, 37,  and 38 t h e  midplane s t r e s s  as c a l c u l a t e d  from (35)  

i s  shown f o r  t h e s e  va lues  of  c. The gene ra l  behav ior  i s  

mvch l i k e  that  shown i n  F igure  2 2  f o r  d i s k s  w i t h  no h o l e s .  

If one extends  t h e  t angen t  t o  t h e  curves  a t  t h e  
- 

load r a d i u s ,  ro, t o  t h e  a b s c i s s a ,  me observes  tha t  t h e  

es t imated  r a d i u s  o f  c o n t a c t  f o r  v a u e s  -2 F > 0.5 i s  0 

which i s  e x a c t l y  t h a t  p r e d i c t e d  i n  1833 f o r  smooth two-body 

c o n t a c t .  One can,  t h e r e f o r e ,  use t h e  modif ied  inidplane 

s t r e s s  d i s t r i b u t i o n  as a rough guide  t o  t h e  p r e s s u r e  d i s -  

t r i b u t i o n  i n  t h e  two-body problem. 

Another o b s e r v a t i o n  t o  be  made i s  t h a t  f o r  l a r g e  
* - 

r t h e  r e s u l t s  f o r  a d i s k  w i th  a c e n t e r  ho l e  approach t h o s e  0 

f o r  a d i s k  wi thout  a c e n t e r  h o l e ,  T h i s  i s  not  unreasonable 

s h c e  th.e e f f e c t  o f  t h e  p resence  o f  t h e  ho l e  w i l l  d i e  ou t  

wi th  i n c r e a s i n g  r a d i u s .  The e f f e c t  of t h e  l o a d  i s  f e l t  i n  
- 

t h e  r eg ion  immediately a f t e r  i t s  f u r t h e s t  e x t e n t ,  ro. If 
- 
ro  i s  f a r  enough removed from & t h e  two e f f e c t s  w i l l  no t  be 

superimposed upon each o t h e r .  I n  t h a t  c a se  t h e  p resence  cf 

t h e  ho l e  can be ignored.  









A t  t h e  beginning of  t h i s  s e c t i o n  t h e  h u n d a r y  

c o n d i t i c n s  which l e a d  t o  (35) were l i s t ed .  It was noted 

then  t h a t  t h e  c o n d i t i o n s  a t  r = a were ignored.  I f  one 

a l s o  i gno res  t h e  boundary c o n d i t i o n  

one g e t s  f o r  t h e  midplane s t r e s s ,  i n s t e a d  of (35), 

Since  t h i s  has  one i n f i n i t e  s e r i e s ,  no s imul taneous  s o l u t i o n  

of  equa t ions  i s  needed i n  o r d e r  t o  f i n d  t h e  Four ier -Bessel  

c o e f f i c i e n t s .  One a l s o  s e e s  that  r e s u l t s  from ( 3 7 )  ag ree  

c l o s e l y  w i th  t h o s e  from Fernlund 1873 and disagree w i t h  

t hose  exac t  s o l u t i o n s  p re sen ted  ear l ier .  As i s  expected  t h e  

disagreement i s  i n  t h e  r e g i o n  immediate t o  the hole. From 

(37) 

where from (35) one s e e s  tha t  



Thus t h e  dropping of t h e  boundary condi t ion  l eads  one t o  

f o r c e  t h e  s t r e s s  d i s t r i b u t i o n  t o  have a zero s lope  a t  t h e  

hole  edge r a t h e r  than  i t s  normal s lope.  Figure 39 shows an 

example a s  c a l c u l a t e d  from (37) and from 1873 and t h e  t r u e  

d i s t r i b u t i o n  a s  given by (35). 

The reaeon f o r  in t roducing  C37) i s  two-fold: 

f i r s t  t o  e x p l a i n  t h e  disagreement t o  Fernlund's  d a t a  (which 

is done abovc and secondly t o  J u s t i f y  t h e  d r o p p l ~ g  of t h i s  

p a r t i c u l a r  boundary c m d i t i o n  i n  f u r t h e r  work. The ult?.rnate 

goal  i n  t h i s  r e p o r t  i s  t o  s e e  how the pressure  d i s t r i b u t i o n  

changes w i t h  t h e  presence of  a s p e r i t i e s  and, i n  doing so ,  

how t h e  contac t  conductance changes. The most c r i t i c a l  

reg ion  f o r  t h i s  purpose i s  the  outermost one i n  t h e  neighbor- 

hood of  r,. This i s  t h e  reg ion  which goes from zero conduc- 

tance  t o  a f i n i t e  conductance when a s p e r i t i e s  a r e  coneidwed.  

However smal l  t h e  conductance might be, i n  a t y p i c a l  case 

(Figure 53) i t  al lows a s h o r t  c u t  f o r  t h e  heat  t o  t r a v e l  t o  

avoid t h e  bulk material i n  t h e  c e n t e r ,  A s  can be seen from 

Figure 39, t h e  disagreement i n  t h i s  region,  between (36) 

and (371, t h e  "exact1' and "approximate", i s  not  g r e a t .  It 

i s  only near  t h e  c e n t e r ,  which i s  r e l a t i v e l y  unimportant 

f o r  our  needs, t h 6 t  t h e  d i f f e r e n c e  :s s u b s t a n t i a l .  There- 

f o r e ,  f o r  t h e  purposes of  t h i s  t h e s i s ,  t h e  dropping of t h e  

boundary condi t ion  a t  t he  hole  is not c r i q c i c a l  even though 

It might be s o  i n  o t h e r  circumstances: f o r  exainple, i n  an 

inves t l .ga t ion  of' t h e  maximum s t r e s s  po in t  near  t h e  hole.  



--.. EXACT 
-.- FERNLUND ( 8 7 )  - EQUATION (37) 

EFFECT OF NEGLECTING NORMAL HOLE STRESS 
ON MIDPLANE ST RESS DISTRIBUTION 

FIG. 39 



One might a l s o  cons ide r  t h a t  t h e  boundary c o n d i t i o n  

o f  zerg  normal stress i n  t h e  ho l e  may not  be an a c c u r a t e  de- 

s c r i p t i o n  of  t h e  c o n d i t i o n s  i n  t h e  ho l e  i n  t h e  f i r s t  p l a c e  

s i n c e  t h e r e  may be shear o r  compressive f o r c e s  due t o  t h e  

b o l t ,  f o r  example. Th i s  f u r t h e r  reduces  t h e  importance of 

t h i s  p a r t i c u l a r  boundary c o n d i t i o n .  

The work, t hen ,  on t h e  midylane str:ss has  shown 

t h e  same g e n e r a l  behav ior  evidenced p rev ious ly  and has  dernon- 

a t r a l x d  the effect  of igriorirlg t h e  normal stress in t he  no l e  

when c a l c u l a t i n g  i n t e r f a c i a l  p r e s s u r e  d i s t r i b u t i o n s .  It was 

a l s o  shown t h a t  an  e s t i m a t e  o f  c o n t a c t  r a d i u s  f o r  smooth 

two-body c o n t a c t  could  be made us ing  th-e midplane stress 

s o l u t i o n s  and t h a t  t h i s  e s t i m a t e  agreed  wi th  tha t  from 1833.  

2 . 3 . 3  S o l u t i o n  

The t h r e e  governing equa t ions  f o r  t h e  c o n t a c t  o f  

two d i s k s  w i th  a c e n t e r  ho l e  (F igure  71 a r e :  (33), deforma- 

t i o n  o f  t h e  d i s k s ;  (281, presuurd  d i s t . r i b u t l o n  a t  t h e  asper -  

it-s; and 0 4 ) ,  t o t a l  load .  A s  mentioned be fo re ,  (33) 

igno res  the boundary c o n d i t i o n  o f  ze ro  normal s t r e s s  w i t h i n  

t h e  ho l e  and assumes t h a t  a >> ro s o  that  any boundary 

cond i t i on  a t  t h e  o u t e r  edge can be  ignored.  The j u s t i f i c a t i o n  

f o r  both  assumptions has been d i s c u s s e d  ear l ier .  

Again t h e  f low diagram g iven  i n  F igu re  15 can be 

used t o  a r r i v e  a t  a  compatible  set  of w c r ) ,  p ( r ) ,  and y  0' 

Equat ions C33), (281, and (34) are s u b s t i t u t e d  f o r  ( 2 3 ) ,  

(241,  and (25) r e s p e c t i v e l y .  The s m e  d i f f i c u l t i e s  a r i s e  



i : ~  t h c  o l u t i o n  a s  t h o s e  d i scus sed  i n  s e c t i o n  2 . 2 . 3  f o r  

t h e  d i s k s  w i t h  no c e n t e r  h o l e .  A computer program which 

w i l l  perform t h e  p roper  i t e r a t i o n  sequence i s  l i s t e d  i n  t h e  

Appendix. 

2.3.4 R e s u l t s  

I n  o r d e r  t o  d e s c r i b e  t h e  i n t e r f a c i a l  p r e s s u r e  

d i s t r i b u t i o n  f o r  s p l e r i c a l  s u r f a c e s ,  one needs two paramete rs ,  
- - 

5 and E; f o r  d i s k s  w i t h  no h o l e s ,  t h r e e :  a ,  H,  and ro ( 5  

be ing  igr iored) .  I n  t h e  p r e s e n t  case  f o r  d i s k s  w i t h  c e n t e r  
I - -  

ho le s  one needs f o u r  parameters :  a ,  H ,  ro, and ;. A s  be fo re ,  

only  one K i s  cons idered  s i n c e  i t  has  such a weak i n f l u e n c e  

on t h e  f i n a l  r e s u l t .  Rather  t h a n  a t t e m p t i n g  t o  p r e s e n t  d a t a  
- 

f o r  many combinations o f  5 ,  r and & o n l y  t h r e e  s e t s  of  ro 0 '  

and c a r e  used. These a r e  a l l  p h y s i c a l l y  r ea sonab le  va lues  
\ 
;? 
P 

and l i e  w i t h i n  t h e  range of  p r a c t i c a l  i n t e r e s t .  R e s u l t s  

from Gould 1831 a r e  used f o r  t h e  zero-roughness d i s t r i b u t i o n s .  

I n  F igu re s  40,  4 1 ,  and 42 t h e  same behav ior  as 

seen  be fo re  i s  shown. A s  w i t h  t h e  d i s k s  w i t h  no h o l e ,  
\ 
t 

d i f f e r e n t  ranges  o f  a f f e c t  t h e  f i n a l  d i s t r i b u t i o n  f o r  

d i f i ' e r e r~ t  s e t s  o f  F0 and c .  The non-dimensional l o a d  i s  
-2 -2 r - c  and as t h i s  v a l u e  i n c r e a s e s ,  t h e  5 needed t o  change 0 

t h e  p r e s s u r e  d i s t r i b u t i o n  i n c r e a s m  . Since  t h e  normal stress 

a t  t h e  h o l e s  i s  no t  accounted f o r  i n  t h e  s o l u t i o n ,  a l l  t h e  

pCr)-curves have ze ro  s l o p e  a t  the ho le  w a l l .  Th i s  i s  

i n c o r r e c t ,  of  cou r se ,  and a more exac t  e s t i m a t e  might be 

made by ex tend ing  t h e  l i n e a r  p o r t i o n  o f  t h e  curve  ( i n  t h e  

neighborhood of  F=FO) d i r e c t l y  back t o  t h e  o r d i n a t e .  



EFFECT OF ROUGHNESS ON INf ERFACIAL STRESS 
DISTRIBUTION FOR DISKS 

FIG. 40 
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I n  t h e  p rev ious  two models it was noted  t h a t  t h e  

c e n t e r l i n e  p r e s s u r e  determines  t h e  r e s t  of  t h e  curve:  i . e . ,  

knowing FCO) ,  one knew p ( r )  f o r  a l l  F. Here, a f  course ,  

t h e r e  i s  no " c e n t e r l i n e "  and one has  t o  u e  ano the r  r e f e r e n c e  

p o i n t .  The f i r s t  one t h a t  comes tomind  i s  t h e  ho le  edge, 
- - 
r = c ,  and one does f i n d  t h a t  f c r  v a r i o u s  va lues  of and 
- 
H t h e  d i s t r i b u t i o n s  w i l l  match i f  t h e  p r e s s u r e  a t  t h e  ho l e  

- - 
edge m a t c v s .  There fore  i f  p(c) i s  known, p ( r )  i s  known. 

But s i n c e  t h e  s o l u t i o n s  a r e  developed wi th  an  assumption 

t h a t  causes  an e r r o r  i n  the curve  i n  t h e  r eg ion  immediate 

t o  t h e  ho l e ,  i t  would be  b e t t e r  t o  choose ano the r  r e f e r e n c e  
- 

p o i n t .  A l o g i c a l  one i s  t h e  l o a d  r a d i u s ,  ro. A t  t h i s  

d i s t a n c e  from t h e  ho le  t h e  approximate p r o f i l e  has  almost 

jo ined  t h e  exac t  one ( s ee  Figur4e 3 9 ) .  The d i sadvan tage  i n  

us ing  Fo as t h e  r e f e r e n c e  p o i n t  i s  that t h e  s e p a r a t i o n  

between curves  i s  l e s s  h e r e  t h a n  a t  t h e  ho le  edge and 

p o s s i b i l i t y  o f  e r r o r  i s  g r e a t e r .  F igu re s  43, 4 4 ,  and 45 

show p ( r 0 )  ve r sus  5 .  While t h e s e  curves  s t r i c t l y  p e r t a i n  

t o  one g, t hey  can be extended over  t h e  range w i t h  l i t t l e  

e r r o r .  

Here, as be fo re ,  t h e  r a d i u s  of c o n t a c t  i s  a  func- 

tFon on ly  of one p o i n t  on t h e  p r e s s u r e  d i s t r i b u t i o n ,  c(FO). 

By d e f i n i n g  t h e  c o n t a c t  r a d i u s  a t  d i f f e r e n t  l e v e l s ,  one can 

aga in  show t h e  change i n  c o n t a c t  r a d i u s  w i th  dec reas ing  
- - 
PCrO) and,  t h e r e f o r e ,  w i th  i n c r e a s i n g  roughness.  The curves  

shown i n  F igu re s  46, 4 7 ,  and 48 behave much i n  t h e  same 
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manner a s  those given f o r  t he  previous two models. Unlike 

the  previous two models, however, t he  reference point  used 
- 

i s  not t h e  innermost one but t h e  load rad ius ,  ro. This i s  

cons is tent  with the previous sets of data. 

2.3.5 Summary 

A l l  t h e  information developed i n  t h i s  s ec t i on  

p a r a l l e l s  t h a t  presented before,  With t h e  model described 

i n  2.3.1 it was shown that increas ing  t h e  roughness (here 
- 
a )  does have a s u b s t a n t i a l  e f f e c t  on the pressure d i s t r i bu -  

t i o n  and the  rad ius  of  contac t ,  The midplane stress f o r  a 

d i sk  with a cen te r  hole  was inves t iga ted  and r e s u l t s  were 

found which agree w i t h  da t a  i n  t h e  l i t e r a t u r e  developed 

w i t h  numerical techniques. An approximate so lu t ion  w a s  a l s o  

presented which ignored the boundary condi t ion of zero normal 

stress within t h e  hole. The results f r o m  t h i s  so lu t ion  f e l l  

below those  from the exact  one i n  t h e  region immediate t o  

the hole but a t  and beyond the  load radius ,  ro, t h e  two 

so lk t ions  produced similar r e s u l t s .  The midplane stress 

so lu t ions  a l s o  enabled one t o  p red ic t  rc f o r  t he  smooth 

two-body contact  problem which agreed with that i n  t h e  

l i t e r a t u r e .  

Spec i f i c  values of Go and 5 were ch.osen and the  

same type of curves were generated f o r  these  as was done 

before:  t he  pressure d i s t r i b u t i o n  f o r  d i f f e r e n t  values of 

roughness ; the reference point  pressure,  F ( F O  ) , for a 

p a r t i c u l a r  value of a t  varying 3; and t h e  contact  radius  

a t  d i f f e r en t  r. ?erence pressures .  



A t  che end of  t h e s e  t h r e e  s e c t i o n s ,  then ,  one has 

t h e  p r e s u r e  d i s t r i b u t i o n ,  p ( r ) ,  a s  a f u n c t i o n  of  t h e  va r ious  

parameters  governing each p a r t i c u l a r  model. Using equa t ion  

( 3 )  one can now p r e d i c t  t h e  l o c a l  c o n t a c t  co~lduc tance  a t  t h e  

i n t e r f a c e .  Knowing hcCr) one can c a l c u l a t e  t h e  e n t i r e  

thermal r e s i s t a n c e  of t h e  p a r t i c u l a r  system. I n  s e c t i o n  3 

t h i s  i s  what i s  done. 

Before p roced ing  t o  t h a t ,  however, some exper imenta l  

o b s e r v a t i o n s  c o r r o b o r a t i n g  t h e  conc lus ions  drawn in t h i s  

c h a p t e r  w i l l  be p re sen ted .  



2.4 Experimental Observations 

This  sect ion describes the experimental work done on 

bolted disks.  The basic d i f f i cu l t y  In measuring the con- 

t a c t  i n  a bolted jo in t  is  t o  avoid disturbing the contact 

wi th  the measuring devices. Traditionally i n  smooth, two- 

body contact, there a r e  two parameters of i n t e r e s t  which 

a r e  t o  be measured: the radius of contact, rc, and the 

pressure dis t r ibut ion,  p(r ) .  The most common way of mea- 

suring e i t he r  of them ls with peneL,rating o i l  wi th  o r  

without an intermediate substance t o  a c t  as a capi l lary  

medium [53,59,87 1. Agreement wi th  theory using t h i s  method 

has been claimed t o  be good. The theories used, however, 

a r e  approximate and i n  t he  best of the three [87], the 

agreement with the exact solut ion near the hole Is not 

good. Thus one might conclude t h a t  these experiments wi th  

the o i l  would be useful i n  predicting the general trend 

of the d i s t r ibu t ion  but not useful  f o r  calculat ing actual  

numerical valuea, There is, a f t e r  a l l ,  the hydrostatic 

e f f ec t  of the o i l  between the p la tes  and no eetimate of 

i t s  Influence on the pressure d i s t r i b ~ t i o n  has yet  been 

made. 

A be t t e r  way, perhaps, t o  measure the i n t e r f ac i a l  

pressure d is t r ibu t ion  i s  through photoelast ici ty,  This  

guarantees t h a t  no foreign material  which could influence 



the d j s t r ibu t ion  i s  placed i n  the in te r face .  This  method 

was uzld successful ly i n  [ 8 4 ]  but i t  was f e l t  t h a t  the 

accuracy i n  determining the pressure d i s t r i b u t i o n  was no 

b e t t e r  than 10-155. It was a l s o  found t o  be impossible 

t o  measure the radius of contact using t h i s  method. A 

fu r the r  disadvantage is  t h a t  only one type of material  

can be used i n  a  photoelas t ic  experime . 
Common t o  a l l  techniques which attempt t o  measure the 

i n t e r f a c i a l  pressure d i s t r i b u t i o n  is  the lack of knowledge 

of the load d i s t r i b u t i o n  i n  ac tua l  p rac t ice .  A l l  the the- 

ory presented i n  t h i s  paper (and o thers  a l s o )  assumes t h a t  

the load i s  constant up t o  a given radius  and then zero 

afterwarda. In  an ac tua l  experiment, espec iz l ly  where a 

torqued b o l t  i s  used, i t  i s  doubtful t h a t  one can pred ic t  

a p r i o r i  what the d i s t r i b u t i o n  w i l l  be. And, t o  measure 

t h e  load d i s t r i b u t i o n  involves the same problems as does 

measuring the i n t e r f a c i a l  one. Therefore wi th  any of the 

techniques suggested t o  date ,  It would be d i f f i c u l t ,  i f  

not impossible, t o  measure the i n t e r f a c i a l  pressure d i s -  

t r i b u t i o n  with any precision. 

In  measuring the radius  of contact one can avoid d i s -  

turbing the o r ig ina l  d i s t r i b u t i o n  even wi th  t h e  penetrat-  

ing o i l  technique. But t h i s  i s  subject  again t o  the vagar- 

i e s  of the ac tua l  load d i s t r ibu t ion ,  soak time, cap i l l a ry  

flow i n  the narrow gap, e t c .  Another way of measuring the 
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radius of contact i s  t o  take the two d i s k s  

r o t a t e  then (about the  a x i s  of the  b o l t )  w 

i n  contact and 

ith respect t o  

each other. Where they are i n  contact they w i l l  rub; 

where they a r e  not i n  contact,  they w i l l  not.  The t ran-  

s i t i o n  from one region t o  the o ther  i s  the  radius  of con- 

t ac t .  The worn a rea  is v i s i b l e  and can he measured. O r ,  

i f  one of the  p l a t e s  is made t o  be radioact ive,  the radio- 

ac t ive  mater ia l  t ransferred  t o  the  o ther  p l a t e  by rubbing 

can be recorded photographically. In  e i t h e r  case the 

radius of contact can be measured. This was done i n  [83] 

and the r e s u l t s  were consis tent  with the  theo re t i ca l  work 

done there.  Again, s ince  the  load d i s t  d b u t i o n  i s  not 

known exactly,  one cannot expect t o  a r r i v e  a t  a precise  

value f o r  rc but  j u s t  confirm the  general  behavior. 

The experimental work done i n  t h i s  repor t  uses t h e  

mtbblng technique described i n  [ 8 3 ] .  It i s  l imi ted  t o  

demonstrating the overa l l  e f f e c t  on contact radius t h a t  

the a s p e r i t i e s  have and not t o  a r r i v i n g  a t  a precise  value 

of rc. Since, theore t ica l ly ,  the pressure d i s t r i b u t i o n  

i n  the presence of w p e r i t i e s  n e v ~ r  g e m  t o  zero, there  

is  no radius  of contact as such. Before, when dealing 

with the theo re t i ca l  curves, one defined t h e  radius  of 

contact a t  d i f f e r e n t  pressure levels:  e.g., rc-r where 

p(r)=lO$p(0). In  t h e  rubbing experiment, then, one might 

expect t o  see wear marks on the e n t i r e  surface of the 



U i s I < i >  but w i t h  decreasing frequency as one g o t  f u r t h e r  

ou t  o; the  r ad ius  away from t h e  cen te r  hole .  This i s  i n  

c o n t r a s t  t o  the  sharp ly  def ined contac t  a r e a  f o r  the  

d i s k s  when the  su r faces  were smooth. 

The d i s k s  used i n  t h e  rubbing t e s t s  a r e  made from 

304 s t a i n l e s s  s t e e l  and a r e  f o u r  inches  i n  diameter.  The 

hole  r ad ius  i s  i n  the  neighborhood o f  !./8 inch and the  

th icknesses  used a r e  0.117", 0.250", and 0.304". The 

a c t u a l  d i s k  dimensions i n  nondimensional terms a r e  

d i s k  p a i r  
numl~e r 

The d i s k s  were f irst  machined and then annealed. 

Af te r  anneal ing they were ground f l a t  t o  0.0002 inches 

and then lapped f l a t  t o  b e t t e r  than  1 0 * 1 0 - ~  inches.  

After  lapping it; was found t h a t  t h e  roughness a s  measured 

on a Talysurf  was 

-6 C.L.A. = 5 * 1 0  inches  

or ,  for each d i sk ,  

CI = 7 .26m1~-6  inches  



Waterial p roper t i es  of the  d i s k s  a r e  

E = 29.10 +6 p s i  

11 = 26.7 p s i  ( ~ i c k e r s )  

Each d i sk  was fastened t o  I ts  mate and joined through the  

hole by a 1/4-20 bo l t .  Cylinders were placed on the b o l t  

on e i t h e r  s ide  of the  d isks .  These were of g r e a t e r  rad ius  

than the  TEFLO@ washers t o  insure  a s  uniform a load over 

the washers a s  possible .  Compliant washers were used so 

t h a t  any i r r e g u l a r i t i e s  t h a t  might a r i s e  between cyl inder  

and d i sks  would d i e  out.  Figure 49 shows the  experimental 

setup . 
The apparatus described I n  1831 was used t o  Insure 

t h a t  the  d i sks  do not t u r n  wi th  respect  t o  each o the r  

while t he  nu t s  a r e  t ightened t o  a spec i f i ed  torque. The 

torque an the nu t  was t r a n s l a t e d  i n t o  a load on the  b o l t  

b-y use of a char t  developed wi th  B e l l e v i l l e  washer's. A 

B e l l e v i l l e  washer i s  a spr ing  i n  the  shape of a waehei 

where the  ou te r  r i m  i a  i n  a d i f f e r e n t  plane than t he  

inner.  Upon compression the  washer f l a t t e n s  out.  The 

force-def lec t ion  curve f o r  a p a r t i c u l a r  washer i s  known 

so i f  one measures the  de f l ec t i on  caused by a p a r t i c u l a r  

torque, one knows the  torque-force re la t ionsh ip .  The 

p a r t i c u l a r  washer used was Associated Spring Corporation 

Be l l ev i l l e  washer #Bl000-073. It we8 found i n  a s e r i e s  

of experiments t h a t  the  r e s u l t s  were repeatable.  
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After turn ing the  d i s k s  w i t h  respect  t o  each other ,  

the  nuts  were loosened ZilJ tne  i n t e r f ace  was v i sua l ly  

examined f o r  the ex ten t  of wea-. A t  f irst t h e  experiments 

were done f o r  the  smooth, two-body contact  problem t o  

ve r i fy  the  general  procedure. Afterward they were repeated 

f o r  d isks  with roughened surfaces ,  

It was expected t h a t  fo? the  cave of roughened sur- 

faces  i t  would be d i f f i c u l t  t o  see the  wear marks on the  

d isk  surface and t h a t  some method of enhancing these 

t r aces  would be needed, It was found t h a t  i f  one covered 

one of the two d i sks  with a dye the  t r a c e s  would show even 

under t h e  l i g h t e s t  of loa*a, The dye used was Dykem Stee l  

Blue, t h e  dye used by laachlnists f o r  ocribing. A very 

d i l u t e  so lu t ion  was used so as t o  have as t h i n  a fflm as 

possible.  The problem t o  avoid, of course, is  having the  

f i l m  I n t e r f e r e  with t he  pressure d i s t r i b u t i o n  a t  the  i n t e r -  

f ace  and a l t e r i n g  the  r e s u l t s ,  If the  f i l m  is  t h i n  enough 

it  is  f e l t  t h a t  t h e  p roper t i es  of the surface w i l l  indeed 

be those of the  main body underneath. For t h i s  reason t h e  

rubbing experiments f o r  the amooth d i sks  were t r i e d  with 

and without the  dye present ,  The r e s u l t s  f o r  both cases 

agreed w i t h  each o the r  and w i t h  t h a t  given i n  [83]. Fig- 

u re  50 gives the data found f o r  Fc versus % and compares 

i t  t o  both the  data and theory from [83]. There, i t  was 

claimed t h a t  
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There i s  s c a t t e r ,  of course, i n  Figure 50 but  t h e  data 

does seem t o  c o r r e l a t e  w i t h  (19)  b e t t e r  than  i t  would f o r  

o t h e r  es t imates  such as t h a t  of Greenwood, f o r  example, 

equation (18). Again, s ince  i t  i s  d i f f i c u l t  t o  con t ro l  

t h e  load d i s t r i b u t i o n ,  t h e  data cannot be considered t o  

be an  absolu te  proof of ( 19) .  

Using the  above technique i t  i s  poss ib le  t o  see  the  

e f f e c t  3f asperities when e i t h e r  of t h e  two d i s k s  are 

roughened. One of t h e  two d i s k s  of  a p a i r  i s  subjec ted  

t o  a sandblas te r  u n t i l  t h e  requi red  roughness i s  achieved. 

The o t h e r  d i s k  i s  coated with  the  dye. The two are then 

joined and rubbed toge the r  as before ,  When they  a r e  sep- 

a r a t e d  one s e e s  t h a t  t h e  imprint  l e f t  behind i s  d i f f e r e n t  

than t h a t  when both d i sk s  were smooth. Before, the rubbed 

area was uniform and completely worn up t o  t h e  r a d i u s  of 

contact  which was f a i r l y  w s l l  defined.  Figure  51 shows 

such a p a i r  both with and without  t h e  dye, With t h e  rough 

d i s k s  the  rubbed a r e a  c o n s i s t s  of a s e r i e s  of sc ra tches ,  

t h e  number of which eecrease  i n  d e n s i t y  as one g e t s  f u r t h e r  

f ?om the  cen te r  hole.  I n  t h i s  case there i s  no s p e c i f i c  

r ad ius  of contact .  This  agrees ,  of course, with t h e  con- 

c lus ions  drawn earlier. I n  s e c t i o n s  2.1, 2.2, and 2.3 i t  

was recognized t h a t  i n  theory the  i n t e r f e r e n c e  between the  





two sur faces  would not  s t o p  a t  a  p a r t i c u l a r  po in t  but  

would continue i n d e f i n i t e l y .  That  i s  why the  a r b i t r a r y  

percentage l e v e l s  were used i n  d e f i n i n g  the  r a d i u s  of 

contact  when a s p e r i t i e s  were p resen t .  I n  t h e  experimen- 

t a l  work no a t tempt  was made t o  c o r r e l a t e  t h e  number of 

sc ra tches  pe r  u n i t  a r e a  a t  a p a r t i c u l a r  r ad ius  w i t h  the  

pressure  l e v e l  which caused it. Therefore no p r e d i c t i o n  

of rc a t  a p a r t i c u l a r  l e v e l  can be made. 

One can, however, i l l u s t r a t e  the  e f f e c t  of the  asper -  

i t i e s  by tak ing  the  th ree  d i s k  p a i r s  and s u b j e c t i n g  them 

t o  the  same load. If the  parameters a r e  chosen c a r e f u l l y  

one can achieve values  of a which a f f e c t  some p a i r s  and 

do not  a f f e c t  the  o the r s .  It was found t h a t  a torque of 

6~ in - lbs  (equiva len t  load of 650 l b s )  app l i ed  over a n  

annular  a r e a  of o u t e r  r ad ius  0.455" and i n n e r  r a d i u s  0.125" 

would produce such a n  e f f e c t .  The r e s u l t s  a r e  shown i n  

Figure 52. The only d i f f e rence  between t h e  t h r e e  runs  was 

the  d i s k  thicknesses, which were 0.117", 0.2501', and 0.304". 
-6 The average rms roughness averaged 170.10 i n .  which is, 

of coume, a n  extremely rough plate. One expects  that  t h e  

th innes t  p l a t e  w i l l  d e f l e c t  more than t h e  th i cke r ;  i t s  gap 

w i l l  be wider and, theref  ore ,  l e s s  i n t e r f e r e n c e  between 

a s p e r i t i e s  w i l l  occur. From Figure  52 one s e e s  t h a t  f o r  

the  t h i n  d i s k ,  b=O.ll7", t h e  wear marks a r e  concentrated 

t i g h t l y  toward the  center .  For t h e  o t h e r  two they a r e  









s i g n i f i c a n t l y  more spread ou t  and t h e  sc ra t ches  extend 

outwards even t o  the  edge of the  d i sks .  The s i g n i f i c a n t  

parameters a r e  

No d i s t r i b l l t i o n s  were ca lcu la t ed  f o r  these  s p e c i f i c  values  

t u t  f o r  d i s k  p a i r s  #2 and #3 it can be seen from Figures  

41  and 42 t h a t  a z i n  the  neighborhood of 16 w i l l  lower 

the  s t r e s s  p r o f i l e  s i g n i f i c a n t l y .  For d i s k  p a i r  #1, s ince  
- 

i s  so much l a r g e r  than c ,one might ignore the  hole  and 

examine the  d a t a  given i n  Figures  25, 26, and 27 f o r  d i s k s  

with no hole.  Even though curves f o r  To&. a r e  no t  g iven 

i t  i s  not  unreasonable t o  expect  t h a t  t h e  range of 5 nec- 

e s sa ry  t o  a f f e c t  t h e  pressure  d i s t r i b u t i o n  w i l l  l i e  above 

X C .  

d i s k  p a i r  
number 

1 

2 

3 

I n  summary, therefore ,  al though t h e  experiments per-  

formed were not  a b l e  t o  q u a n t i t a t i v e l y  v e r i f y  the  a n a l y t i -  

c a l  p red ic t ions  given e a r l i e r , t h e y  d i d  corroborate  q u a l i -  

t a t i v e l y  the  expected behavior and d i d  show how the  non- 

- - e 

C r0 0 - 
1.128 3.89 h o  

0.512 1.82 16 

0.425 1.50 17 

- 
dtmensional roughness, a, does con t ro l  the  behavior of the  

contact .  



I n  t h e  i n t r o d u c t i o n  i t  was mentioned t h a t  one 

cannot determine an o v e r a l l  c o n t a c t  r e s i s t a n c e  f o r  an 

i n t e r f a c e  wi thout  d ' z sc r ib ing  t h e  system o f  which t h e  

i n t e r f a x e  i s  a p a r t .  The best t h a t  one can do i s  p r e s e n t  

an e q u a t l m  such as ( 3 )  

which w i l l  d e s c r i b e  t h e  conductance a t  a p a r t i c u l a r  p o i n t .  

Any f u t h e r  c o n s o l i d a t i o n  of  in format ion  i s  a t  t h e  expense 

o f  g e n e r a l i t y .  I n  t h i s  s e c t i o n  t h e  p o s s i b l e  thermal  e f f e c t s  

o f  t h e  phenomena i n v e s t i g a t e d  and d i scus sed  p rev ious ly  w i l l  

be demonstrated by use o f  a s p e c i f i c  example: t h e  t o t a l  

thermal  r e s i s t a n c e  o f  a d i s k  l i k e  t h a t  shown i n  F igure  53. 

For t h i s  case  t h e  r a d i u s  i s  f i v e  times t h e  t h i c k n e s s ,  o r  
- 
a = 5.  The thermal boundary c o n d i t i o n s  a r e :  

The o a r t i c u l a r  va lue  of  h c ( r )  used depends on t h e  p r e s s u r e  

d i s t r i b u t i o n  chosen from p rev ious  examples. The presence  



MODEL USED IN THERMAL ANALYSIS 

FIG. 53 



of t h e  ho l e  can be i nc luded  by a l l owing  h c ( r )  = 0 f o r  

r < c .  Three groups o f  p ( r )  a t  z = 0 are examined: t hose  
- 

f o r  < = 0.5,  'E = 6.25; To = 1.0,  C 0.5; and yo = 2 .0 ,  
- 
c  = 1 . 0 .  For each of  t h e s e  groups t h e  C i f f e r e n t  i n t e r f a c i a l  

s t r e s s  d i s t r i S u t i o n s  caused by d i f f e r e n t  va lues  of a r e  

used. The d e s i r e d  r e s u l t  i s  t h e  r e s i s t a n c e  of the system 

def ined  a s  

Since  t h e  temperature  l e v e l  i s  unimportant ,  Ti i s  set  

a r b i t r a - d l y  t o  ze ro .  It i s  a l s o  assumed that t h e  exponent 

used i n  equa t ion  ( 3 ) ,  0.985, can b e  cons idered  t o  b e  1 . 0  w i t h  

l i e  e r r  I f  t h a t  i s  t r u e  t hen  ( 3 )  can b e  r e w r i t t e n  

If one d e f i n e s  



then 

The boundary c o n d i t i o n s  now a r e :  

2 The governing equa t ion  i s  t h e  Laplacian ,  V T = 0. Because 

o f  t h e  vary ing  h c ( r )  no a n a l y t i c a l  s o l u t i o n  i s  a v a i l a b l e ,  

bu t  t h e  a b o ~ e  i s  s imple  enough t o  s o l v e  numer ica l ly .  The 

final r e s u l t  i s  a p l o t  of % ve r sus  5 f o r  v a r i o u s  va lues  

o f  E t a n  8 / H .  There i s  one such graph f o r  each set  o f  
- - 
rOS C .  It should  b e  no ted  that  t h e  r e s i s t a n c e  p r e s e n t e d  

i s  f o r  one d i s k  on ly .  I n  an  assenb ly  o f  two d i s k s  t h e  

t o t a l  r e s i s t a n c e  would b e  double t h a t  shown here. F igures  

54 ,  55, and 56 show the r e s u l t s .  

It was mentioned e a r l i e r  that;  t h e  t o t a l  r e s i s t a n c e  

was t h e  sum o f  that  due t o  t h e  bulk  and that due t o  t h e  

r e s i s t a n c e  a t  t h e  i n t e r f a c e .  As one v a r i e d  t h e  roughness 

one might expec t  that t h e  t o t a l  e f f e c t  would dec rease  o r  
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i n c r e a s e  depending on t h e  o p e r a t i n g  c o n d i t i o n s .  From t h e  

f igure :  shown he re  i t  i s  obvious t h a t  t h i s  i s  t r u e  and 

t h a t  t h e  q u a n t i t y  E t a n  0 / H  i s  t h e  c r i t i c a l  v a r i a b l e .  

Depending on t h e  value  o f  % and c, t h e r e  i s  a  value  o f  

E t a n  0 / H  below which one cannot l e s s e n  t h e  r e s i s t a n c e  by 

a l t e r i n g  the  roughness.  Conversely,  f o r  s u f f i c i e n t l y  

l a r g e  va lues  of  E t a n  0 / H  one can decrease  t h e  r e s i s t a n c e  

markedly by i n c r e a s i n g  t h e  roughness.  A t  i n t e r m e d i a t e  

va lues  t h e r e  i s  an optimum roughness a t  which t o  ope ra t e .  

The e n t i r e  e f f e c t  seems t o  be s t r o n g l y  dependent 

on t h e  p a r t i c u l a r  va lue  of r and c one i s  a t .  Compare, 
0 

f o r  e x a z ~ l e ,  F igures  5 4  and 56. The e f f e c t  o f  raughness 

i s  much more pronour lc~d f o r  a small va lue  o f  - t han  i t  i s  
* 0 

f o r  a l a r g e  one. T h i s  i s  mostly due t o  t h e  p a r t i c u l a r  

example be ing  used h e r e .  S ince  h e a t  i s  fo rced  i n  through 

t h e  s i d e s ,  t h e  f i n a l  r e s i s t a n c e  i s  s t r o n g l y  dependent on 

r a d i u s  o f  c o n t a c t ,  t h e  f i rst  p l a c e  where t h e  h e a t  can 

t u r n  from one p l a t e  i n t o  t h e  o t h e r .  I f  rc i s  l a r g e  enough 

t h e  ma jo r i t y  o f  t h e  h e a t  flows through t h e  a r e a  immediate 

t o  rc and igno res  t h e  c e n t r a l  a r e a .  A l a r g e  r imp l i e s  a  
0 

l a r g e  rc. A l a r g e  rc means t h a t  l e s s  o f  t h e  t o t a l  

r e s i s t a n c e  i s  due t o  t h e  bulk  and most i s  due t o  t h e  c o n t a c t  

r e s i s t a n c e  a t  t h e  i n t e r f a c e .  S ince  a n  i n c r e a s e  i n  roughness 

i n c r e a s e s  t h e  r e s i s t a n c e  a t  t h e  i n t e r f a c e ,  t h e n  one would 

expect  t h e  t o t a l  r e s k s t a n c e  t o  i n c r e a s e  w i th  g r e a t e r  f o r  

l a r g e  ro. For a  sma l l  ro most o f  t h e  r e s i s t a n c e  i s  due t o  



t h e  bu lk .  I n c r e a s i n g  i n c r e a s e s  t h e  r a d i u s  of c o n t a c t  

g r e a t l y .  There fore  t h e  g r e a t e r  p a r t  of t h e  r e s i s t a n c e  

i s  l e s sened .  Thus, f o r  small ro, i n c r e a s i n g  ?? t e n d s  t o  

decrease  t h e  t o t a l  r e s i s t a n c e .  

Therefore  t h e  behav ior  e x h i b i t e d  i n  t h e s e  f i g u r e s  

i s  l a r g e l y  due t o  t h e  c o n f i g u r a t i o n  chose? f o r  t h e  example. 

If i n s t e a d  of  having t h e  h e a t  e n t e r  t h e  edges a t  r = a one 

had i t  e n t e r  a t  t h e  t o p ,  z = b ,  one would a r r i v e  a t  a 

d i f f e r e n t  s e t  o f  curves .  These would be more l i k e  t h o s e  

i n  F igure  56 r a t h e r  t han  i n  F igure  54 s i n c e  t h e  bu lk  

r e s i s t a n c e  w o ~ l d  be a  minor p a r t  o f  t h e  t o t a l .  

Actual  experiments  which measured t h e  the rmal  

r e s i s t a n c e  o f  two d i s k s  j o i r ~ e d  t o g e t h e r  by a  b o l t  were 

per forned  by Joseph P i g o t t  [ 8 9 ] .  The fo l lowing  d e s c r i p t i o n  

of  t h e  exper imenta l  measur*ements i s  from Reference [ 8 9 ] .  

The experiments  on c o n t a c t  r e s i s t a n c e  were done i n  

t h e  vacuum chamber shown i n  F igu re  57. A vacuum o f  between 

30 microns and 50 microns was mainta ined t o  minimize t h e  

e f f e c t s  o f  i n t e r s t A t i a 1  f l u i d .  

The t e s t  p i e c e 3  were made acco rd ing  t o  F igure  58. 

The only geometry i n v e s t i g a t e d  had dimensions:  

c/b = 0.5 

ro /b  = 1 . 0  



The r a 2 i u s  of  t h e  p l a t e s  may be any th ing  g r e a t e r  t h a n  5b. 

This  i s  w e l l  beyond t h e  r a d i u s  o f  c o n t a c t .  

A l l  runs  were made w i t h  t h e  same a p p l i e d  p r e s s u r e  t o  

t h e  j o i n t  and t h e  same power i n p u t  t o  t h e  system. 

Five  runs  were made wi th  t h e  d imensionless  roughness 

( c) rang ing  from 0.023 t o  1 .23 ,  and t h e  s l o p e  (E t a n  B/H) 
bPo 

rang ing  from approximately z e r o  t o  16.2.  

The r e s u l t a n t  t empera ture  p r o f i l e s  (F igu re s  59,  

60, 61 ,  62 ,  and 63)  ag ree  f a i r l y  w e l l  w i th  t h e  t h e o r e t i c a l  

p r e d i c t i o n s .  The d e v i a t i o n s  o f  i s o l a t e d  p o i n t s  a r e  probably 

due t o  f a u l t y  thermocouple s e t u p .  

To f i n d  t h e  c o n t a c t  r e s i s t a n c e  i t  was necessary  t o  

d e t e r m i ~ e  t h e  a c t u a l  h e a t  r a t e  p a s s i n g  through t h e  t e s t  
- 

specimen and a n  a p p r o p r i a t e  t empera ture  d i f f e r e n c e ,  AT, bo th  

o f  which appear  i n  t h e  r e s i s t a n c e  equa t ion :  

It i s  known from t h e  p r e s s u r e  d i s t r i b u t i o n  that  t h e  

p l a t e s  a r e  no t  i n  con tac t  beyond t h e  f o u r t h  thermocouple 

p o s i t i o n  ( s e e  F igure  4 1 ;  t h e  va lues  of  r /b  correspond t o  t h e  

thermocouple p o s i t i o n s  shown i n  F igure  5 8 ) .  There fore ,  by 

knowing t h e  t empera tures  a t  p o s i t i o n s  5 and 6 a ~ . d  t h e  co r r e -  

sponding r a d i i ,  t h e  h e a t  r a t e  p a s s i n g  through t h e  t es t  s e c t i o n  

can be c a l c u l a t e d :  



Since  t h e  p l a t e s  a r e  no t  i n  c o n t a c t  and r a d i a t i o n  

between t h e  p l a t e s  was found t o  be very small, t h e  heat 

must flow i n  one d i r e c t i o n :  r a d i a l l y .  However, i t  was found 

t h a t  t h e r e  was not  p e r f e c t  symmetry a c r o s s  t h e  i n t e r f a c e .  

There fore ,  t h e  t empera ture  d i f f e r e n c e  i n  t h e  above equa t ion  

was found f o r  bo th  t h e  t o p  and bottom p l a t e s  and t h e  average  

of these va lues  was used as t h e  tempera ture  d i f f e r e n c e .  

The r e s i s t a n c e  e q u a t i o n  a c t u a l l y  i nvo lves  a h e a t  f l u x  

r a t h e r  t h a n  a  h e a t  r a t e .  S ince  t h e  f l u x  was c a l c u l a t e d  between 

p o i n t s  5 and 6 ,  t h e  a r e a  chosen was that  l a t e ra l  a r e a  o f  t h e  

c y l i n d e r  p a s s i n g  through t h e  midpoint between p o s i t i o n s  5 and 6 .  
- 

The tempera ture  d i f f e r e n c e ,  AT, may be chosen a r b i t r a p i l y ,  

depending on how t h e  r e s i s t a n c e  i s  t o  be de f ined .  I n  t h e  

p r e s e n t  ca se  t h e  temperature  d i f f e r e n c e  between t h e  t o p  and 

bottom p l a t e s  a t  t h e  s i x t h  thermocouple p o s i t i o n  was used i n  

o r d e r  t o  g i v e  t h e  t o t a l  r e s i s t a n c e .  The t h e o r e t i c a l  p r e d i c t i o n s  

were g iven  as va lues  of  h a l f  t h e  t o t a l  r e s i s t a n c e ,  s o  t h e  

exper imenta l  r e s u l t s  were d i v i d e d  by two f o r  comparison. 

For  convenience, t h e  r e s i s t a n c e  equa t ion  has been 

non-dimensionalezed i n  t h e  fo l lowing  manner: 

where 



The r e s i s t a n c e s  found f o r  t h e  va r ious  roughnesses 

t e s t e d  were: 

roughness 

(rss micrometer)  

7.05 

112.6 

132 7  

270 

30 3 

r e s i s t a n c e  

( R k h  ) 

9 - 9 5  

10.20 

9.80 

10.40 

9.60 

These r e s i s t a n c e s  a r e  roughly c o n s t a n t .  They 

c o r r e l a t e  f a i r l y  w e l l  w i t h  t h e  t h e o r e t i c a l  r e s u l t s  i n  t h e  

same range of  parameters  (F igu re  55) .  However, t h e  va lues  a r e  

approximately twice  t h o s e  p r e d i c t e d .  It i s  b e l i e v e d  t h a t  t h i s  

was caused by an  i n e v i t a b l e  d e v i a t i o n  from r a d i a l  synmetry 

i n  t h e  t e s t ,  e i t h e r  i n  p r e s s u r e  d i s t r i b u t i o n  o r ,  mo-e l i k e l y ,  

i n  heat t r a n s f e r  d i s t r i b u t i o n .  

The range of  parameters  i n v e s t i g a t e d  h e r e  covers  

t h e  range of  s u r f a c e  c o n d i t i o n s  o r d l n a r i l y  found f o r  s u r f a c e s  

i n  the rmal  c o n t a c t .  

F o r  t h e  geometry used and t h e  range of parameters  

t e s t e d ,  b o t h  t h e  t h e o r e t i c a l  model and t h e  exper imenta l  r e s u l t s  

sugges t  t h a t  t h e  roughness has  n e g l i g i b l e  e f f e c t  on t h e  

r e s i s t a n c e  o f  t h e  j o i n t .  

Furthermore,  s i n c e  the range of  parameters  used h e r e  

covers  most of  t h e  c o n d i t i o n s  o f  p r a c t i c a l  i n t e r e s t ,  one can 

extend t h e  conc lus ions  t o  a g e n e r a l  s t a t emen t  t h a t  roughness 



f o r  t h e  b o l t e d  j o i n t  geometry cons idered  does no t  s t r o n g l y  

a f f e c t  t h e  va lue  of  thermal  c o n t a c t  r e s i s t a n c e .  Consequently,  

from a  p r a c t i c a l  p o i n t  o f  view, i t  i,s not  necessa ry  t o  demand 

g r e a t  c a r e  i n  p rov id ing  smooth s u r f a c e s  f o r  the rmal  c o n t a c t .  
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c / b  = 0.5  

ro/% = 1 .0  

CJ = 7.05 pin 

CJE - = 0.023 
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Figure 59 
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Figure 61 



Figure 62 



r o b  = 1.0 

U = 303 pin 

Figure 63 



It was n o t e d  a t  t h e  b e g i n n i n g  o f  t h i s  paper  t h a t  

t h e  thermal r e s i s t a n c e  a t  a j o i n t  can be d i v i d e d  i n t o  two 

c a t e g o r i e s :  t h a t  due t o  t h e  l a r g e - s c a l e  constriction of  

t h e  h e a t  from t h e  main body t o  t h e  g e n e r a l  c o n t a c t  area 

and t h e  : -?e t o  t h e  c o n s t r i c t i o n  w i t h i n  t h i s  c o n t a c t  area 

a t  t h e  a s p e r i t i e s .  S i n c e  a n  i n c r e a s e  i n  s u r f a c e  roughness  

a f f e c t s  t h e s e  two components i n  o p p o s i t e  d i r e c t i o n s  - 
d e c r e a s i n g  l a r g e - s c a l e  r e s i s t a n c e ,  i n c r e a s i n g  s m a l l - s c a l e  

r e s i s t a n c e  -.- i t  was p o s t u l a t e d  t h a t  one might  be a b l e  t o  

d e c r e a s e  t h z  t o t a l  r e s i s t a n c e  by i n c ~ e a s i n g  t h e  roughness .  

Three c a s e s  were c o n s i d e r e d :  c o n t a c t  o f  two 

rough, wavy s u r f a c e s ,  c o n t a c t  o f  two rough b u t  nomina l ly  

f l a t  p l a t e s  w i t h  a n  a p p l i e d  l o a d  o v e r  a d e f i n e d  area, and  

c o n t a c t  o f  two rough b u t  nominal ly  f l a t  p l a t e s  j o i n e d  

t o g e t h e r  w i t h  b o l t s .  The models f o r  t h e  above a r e ,  r e s p e c -  

t i v e l y :  two s p h e r i c a l  s u r f a c e s ,  two d i s k s  o f  f i n i t e  r a d i u s ,  

and two d i s k s  o f  f i n i t e  r a d i u s  w i t h  c e n t e r  h o l e s .  An 

i t e r a t i v e  s o l u t i o n  was used  where t h e  f o r c e  and d e f l e c t i o n  

o f  t h e  b u l k  was matched t o  t h e  f o r c e  and d e f l e c t i o n  of  t h e  

a s p e r i t i e s .  S o l u t i o n s  were t o  be g e n e r a t e d  f o r  t h e  c a s e s  

o f  z e r o  a n d  nonzero roughness .  It was found t h a t  t o  s o l v e  

t h e  o v e r a l l  problem one needed f o r c e - d e f l e c t i o n  r e l a t i o n -  

s h i p s  f o r  a s p e r i t i e s ,  s p h e r i c a l  s u r f a c e s ,  and d i s k s  b o t h  

w i t h  and w i t h o u t  h o l e s .  Such r e l a t i o n s h i p s  f o r  t h e  



a s p e r i t i e s  and s p e c l a J  s u r f a c e s  a l r e a d y  e x i s t e d  i n  t h e  

l i t e r a t u r e .  Those f o r  d i s k s  w i t h  o r  wi thou t  h o l e s  were 

developed i n  t h i s  r e p o r t ,  

Nondimensional v a r i a b l e s  were chosen s o  as t o  

minimize t h e  in format ion  needed t o  e x p l a i n  t h e  r e s u l t s .  

For  t h e  s p h e r i c a l  s u r f a c e s  i t  was found t h a t  a l l  i n f o r -  

mation could be  expressed on one master graph of  i n t e r -  

f a c i a l  p r e s su re  d i s t r i b u t i o n  as a f u n c t i o n  of  roughness.  

For  t h e  d i s k s  wi thout  h o l e s  cne mas te~  was needed f o r  

each load  r ad ius ;  f o r  t h e  d i s k s  w i t h  h o l e s  one was needed 

f o r  each s e t  of  ho l e  r a d i u s  and l o a d  r a d i u s .  I n  add i -  

t i o n  t o  t h e  geomet r ica l  v a r i a b l e s  needed t o  d e s c r i b e  t h e  

model, i t  was found t h a t  two nondimensional s u r f a c e  var-  
- 

i a b l e s  were needed: a and W where 

( f o r  s p h e r i c a l  s u r f a c e s )  

( f o r  d i s k s )  

It was f u r t h e r  found t h a t  t h e  r e s u l t s  were weakly dependent 

on a and s t r o n g l y  dependent on 5. Given a p a r t i c u l a r  5, 

pa i r , one  could determine  a p re s su re  a t  a n  a r b i t r a r i l y  

chosen r e f e r ence  p o i n t .  Th is  p r e s s u r e  would then  be 



matchxi w i t h  t h a t  on t h e  m a s t e r  graph  t o  a m i v e  a t  tkie 

e n t i r e  d i s t r i b u t i o n ,  T h i s  cou ld  be done because  a l l  d l s -  

t r i b u t i o n s  which a g r e e d  a t  one p o i n t  would a g r e e  a t  a l l  

p o i n t s .  One could  a l s o  estimate t h e  r a d i u s  o f  c o n t a c t  

f o r  v a r i o u s  v a l u e s  o f  and  p. It was a l s o  found t h a t  

d i f f e r e n t  r a n g e s  o f  5 i n f l u e n c e d  t h e  c o n t a c t  f o r  d i f f e r e n t  

v a l u e s  o f  g e o m e t r i c  p r o p e r t i e s  such as l o a d  r a d i u s .  I n  

g e n e r a l ,  t h e  s u r f a c e  p r o p e r t i e s  a f f e c t e d  t h e  b e h a v i o r  c f  

t h e  d i s k s  more s t r o n g l y  t h a n  t h a t  o f  t h e  s p h e r e s .  

I n  t h e  p r o c e s s  o f  d e v e l o p i n g  t h e  f o r c e - d e f l e c t i o n  

r e l a t i o n s h i p s  needed f o r  t h e  d i s k s  w i t h  and  w i t h o u t  h o l e s ,  

f u r t h e r  work was done on t h e  c l a s s i c a l  midplane s t r e s s  

problem as d i s c u s s e d  by Sneddon, Greenwood, L a r d n e r ,  e t  a l .  

From t h i s  i t  was concluded t h a t  t h e  mul . t iple  F o u r i e r -  

B e s s e l  s e r i e s  t e c h n i q u e  used  t o  deve lop  t h e  r e q u i r e d  

s o l u t i o n s  

i n  a h e a t  

lower  t h e  

i n t e r f a c e  

t o  t h e  v a r i o u s  models i s  a c c u r a t e .  

The r e s u l t i n g  p r e s s u r e  d i s t r i b u t i o n s  were used 

t r a n s f e r  example t o  show t h a t  one could  indeed  

o v e r a l l  t he rmal  r e s i s t a n c e  o f  a system with a n  

by i n c r e a s i n g  t h e  s u r f a c e  roughness .  I t  was 

found t h a t  t h e  r e s i s t a n c e  ( i n  nondimens ional  terms) 

depends on 5 and on a n o t h e r  q u a n t i t y ,  E t a n  B/H, The l a t t e r  

d e t e r m i n e s  i f  i t  i s  a t  a l l  p o s s i b l e  t o  raise o r  lower  t h e  

r e s i s t a n c e  by changing 5. In b r i e f ,  t h e n ,  t h e  b e h a v i o r  

d i s c u s s e d  a t  t h e  b e g i n n i n g  o f  t h e  r e p o r t  was found t o  e x i s t  

f o r  a l l  t h r e e  models c o n s i d e r e d .  



There are two g e n e r a i  areas f o r  which conclus ions  

may be drawn: t h e  o v e r a l l  problem i t se l f  and the  t echn iques  

used t o  a r r i v e  a t  t h e  s o l u t i o n s .  cons ide r ing  t h e  value  of  

E t a n  B/H t h a t  one might f i n d  i n  p r a c t i c e  (% 25) t h e  e f f e c t  

o f  p l ay ing  t h e  l a r g e - s c a l e  c o n s t r i c t i o n  o f f  a g a i n s t  t h e  

smal l - sca le  c o n s t r i c t i o n  i n  o r d e r  t o  l e s s e n  t h e  o v e r a l l  

r e s i s t a n c e  i s  n o t  as s t r o n g  as hoped f o r .  While i t  i s  

obvious t h a t  i n  many cases  i t  i s  n o t  neces sa ry  t o  go through 

e l a b o r a t e  (and  expens ive)  f i n i s h h g  pro cedures  t o  decrease  

t h e  o v e r a l l  r e s i s t a n c e ,  i t  does n o t  s e m  I; : ~ ; b l e  t o  dec rease  

t he  r e s i s t a n c e  d r a s t i c a l l y  by i n c r e a s i r -  ;he roughness excep t  

i n  those  ca ses  where t h e  r e s i s t a n c e  i s  very  s e n s i t i v e  t o  t h e  

outermost  r a d i u s  of  c o n t a c t .  

The m u l t i p l e  series techn ique  used t o  develop t h e  

va r ious  s o l u t i o n s  has been proven s u c c e s s f u l  and,  a l though  

l a b o r i o u s  t o  implement, s t r a i g h t f o r w a r d  i n  i t s  a p p l i c a t i o n .  
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4 .  AP! L:JDIX 

6 .1  Deformation of  Disks with and wi thout  Center  Holes 

It can be shown 1 8 5 1  t h a t  t h e  governing equa t ions  

f o r  t h e  deformation of  a d i s k  o f  f i n i t e  o u t e r  r a d i u s  can be 

reduced t o  

where 

The g e n e r a l  s o l u t i o n s  t o  ( A l )  are 

[A  coshckz)  + B s inh (kz ) ] rCJo (k r )  + DY0(kr)J 

i f  t h e  homogeneous d i r e c t i o n  i s  t h e  r axis and 



i f  t h e  homogeneous d i r e c t i o n  i s  t h e  z a x i s .  A complete 

s o l u t i o n  i s  any combination of  t h e  above, e . g . ,  

x = AC c o s h ( k z ) r ~ , ( k r )  + BDz s inh (kz )Yo(k r )  

which s a t i s f i e s  t h e  boundary equa t ions .  

C ,  D and k a r e  c o n s t a n t s  t o  be e v a l u a t e d  

e igenva lue .  S t r e s s e s  and d e f l e c t i o n s  i n  

The c o n s t a n t s  A ,  B,  

and k i s  t h e  

terms of x a r e ,  



There i . e  a t o t a l  o f  e i g h t  boundary c o n d i t i o n s  t o  s a t i s f y :  

two on each f a c e  o f  t h e  d i s k ,  two a t  t h e  o u t e r  edge and two 

a t  t h e  i n s i d e  o f  t h e  ho l e  wall i f  a h o l e  i s  p r e s e n t  o r  two 

a t  t h e  c e n t e r l i n e  i f  a ho l e  i s  no t  p r e s e n t .  It i s  d i f f i c u l t ,  

i f  no t  imposs ib le ,  t o  proceed as i s  done i n  s o l v i n g  t h e  
2 Laplac ian  ( V  T=O) and by  s i g h t  p i c k  t h e  p rope r  cho ices  from 

t h e  p o s s i b l e  s o l u t i o n s .  What fo l lows  he re  i s  a s o l u t i o n  

us ing  s imul taneous  Four ier -Bessel  s e r i e s .  The procedure used 

i s  s t r a i g h t f o r w a r d  bu t  t e d i o u s  and, t h e r e f o r e ,  on ly  one com- 

w p l e t e  s o l u t i o n  i s  g iven from beginning t o  end. I n  t h e  r e s t  

of t h e  c a s e s  only  t h e  r e s u l t s  a r e  p re sen ted .  More on t h i s  

method of  s o l u t i o n  can b e  found i n  [81]. 

c 6.1.1 Disk-No Hole-Midplane S t r e s s  
? 
1 
r; The problem t o  be so lved  i s  shown i n  F igure  21a. 
t 

t Boundary c o n d i t i o n s  are 
r 

a , ,  U = -P(P) 

5 z  = 0 

s t r e s s e s  f i n i t e  

= 0 

Tnz = 0 



The governing equat ion is  ( A l ) .  From equat ions  ( A 3 1  - ( A 8 1  

one observes  t h a t  s i n c e  

a i s  even i n  z 8 

'r i s  even i n  z 

a~ i s  even i n  z 

'rz i s  odd i n  z 

u i s  even i n  z 

w i s  odd i n  z 

then x must be odd i n  z .  The o r i g i n a l  problem i s  broken 

i n t o  two s e p a r a t e  p a r t s ,  Figure  A 1 ,  3ne Homogeneous i n  z and 

s a t i s f y i n g  

and a t  z = k b  'r r z  = 0 

r = O  s t r e s s e s  f i n i t e  

a = -a (as  c a l c u l a t e d  
I' r from body 2 )  
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and t h e  o t h e r  homogeneous i n  r and s a t i s f y i n g  

and a t  z  = k b  = - p ( r )  - a z  (as c a l c u l a t e d  
from body 1) 

'rz = 0 

r = O  stresses f i n i t e  

r = a  'C r z  = 0  

The f i n a l  s o l u t i o n  i s  

Note t h a t  t h e  boundary cond i t ions  as given i n  (A101 and ( A l l )  

add up t o  t h e  o r i g i n a l  ones as given i n  (Ag). I n  body 1 no 

r e s t r i c t i o n  i s  made on a,. Af t e r  a l l  t h e  o t h e r  boundary 

cond i t ions  are met one can s o l v e  f o r  uZ. This  va lue  i s  t h e n  

used i n  ( A l l )  t o  c a l c u l a t e  x2. There i s  no r e s t r i c t i o n  f o r  

body 2 on a,. The value  of  u, c a l c u l a t e d  for body 2 i s  used 

i n  c a l c u l a t i n g  xl. 
One, t hen ,  i terates back and f o r t h  u n t i l  t h e  solu-  

t i o n s  a r e  compatible.  Another way i s  t o  s o l v e  them sirnultan- 

eously .  I n  any case  one does a r r i v e  a t  a s o l u t i o n .  

Observing tha t  bo th  x1 and x2 are odd i n  z, t r y  
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If one subs t i tu tes  

and 

one f inds  that f o r  the or ig ina l  problem as shown i n  Figure 

1 A ,  

and 





There a r e  now two s e t s  of unknowns 

They are found i n  t h e  normal manner of  Fourier-Bessel s e r i e s ,  

through or thogonal i ty .  The remaining boundary condi t ions  

a r e ,  

It i s  now t h a t  tk;e zeroe th  terms a r e  removed from t h e  

i n f i n i t e  s e r i e s .  Noting t h a t  

and t h a t  

J1(aOa) 1 
l i m  = - 

ao+O 2 

one f i n d s  from CA22) and ( k 2 3 )  upon s u b s t i t u t i o n  i n t o  t h e  

bounda~y condi t ions  that  



and 

Multiply ( ~ 2 4 )  by r J o ( a o r )  and i n t e g r a t e  from 0 t o  a and 

mult iply  CA25) by cos(Boz) and i n t e g r a t e  from 0 t o  +b t o  ge t  

where F i s  t h e  t o t a l  load.  If po i s  t h e  average p ressu re  

then  

Now repea t ing  the or thogonal iz  i n g  procedure one a r r i v e s  at  



and 

2 2  s i n h  (amb) I" r p ( r ) d 0 ( a m r ) d r  

We now have t h e  complete s o l u t i o n  f o r  a g iven  p ( r )  when w e  

combine ( ~ 2 9 )  and ( ~ 3 0 )  w i th  (A21), ( P . 2 ) ,  and (A23). 

and 

For t h e  p a r t i c u l a r  l o a d i n g  ;s given  i n  F igu re  21a. 
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The  mi^! ;ane s t r e s s  i s ,  then ,  

where 

00 

1 [ 1 = 1 B m ~ o c e  3;). m 2 m= 1 

1 e cosh(em/Z) m + - - 
s i n h  (am/Z) 2 a s i n h  (0@ - 1 



6.1.2 Disk-No Hole-Midplane Stress-Approximate So lu t ion  

If t h e  boundary condi t ion  

i s  ignored then  t h e  s o l u t i o n  t o  t h e  midplane stress i s  

g r e a t l y  s impl i f i ed .  The j u s t i f i c a t i o n  f o r  ign.oring t h i s  

condi t ion  l i e s  i n  S t .  VenantTs theorem. I f  a  >> ro then  

any minor change i n  t h e  boundary cond i t ions  a t  r = a w i l l  

not  a f f e c t  t h e  s t r e s s  d i s t r i b u t i o n  i n  t h e  neighborhood of 



ro . Igno r ing  t h e  boundary c o n d i t i o n  i s  equ iva l en t  t o  s e t t i n g  
- 
A = 0. There fore ,  n 

where 

Equation ( ~ 3 6 )  i s  a n o t h e r  form o f  t h e  equa t ions  g iven  in 

[80,81]. Th i s  can be shown through t h e  fo l lowing .  For l a r g e  

m 

A s  a approaches i n f i n i t y  ( d i s k  o f  i n f i n i t e  r a d i u s  which i s  

used as a model i n  [80,81J) d e f i n e  um such t h a t  



Therefore  from ( ~ 3 6 )  and ( A 3 7 )  w i t h  some t r i gonomet r i c  

r e a r r a n g i n g ,  

where t h e  ze roe th  term has been r e t u r n e d  i n t o  t h e  i n f i n i t e  

series. For large v a l u e s  o f  m 

Also 



l i m  1 du 
' T  

The f i n a l  expression f o r  the midplane s t r e s s  i s ,  then 

which i s  equation (1) i n  1811. 

6 . 1 . 3  Disk-No Hole-Variable Load 

Since the pressure d i s tr ibut ion  on each face may 

be d i f f erent  ( see  Figure 6b) three i n f i n l t ~  zsries are 

needed. Boundary conditions are 
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QD sinh[0 (l-Z)/H)] cosh[0,l-~)/~] 
1 1 C ~ J ~ ( ~ ~ F / E )  m - 
6 m=l sinh (em/;) sinh(0 /z) m 



where 

cosh (e,/z) I I 

and where 



2 2 sinh [Om/S) + 



6.1.4 Disk-No Hole-Variable Load-Approximate Solu t ion  

A s  i n  s e c t i o n  6.1.2 i f  one i g n v e s  the  boundary 

condi t ion 

one has a somewhat s impler  s o l u t i o n .  

where 1 and 1 a r e  given by ( ~ 4 1 )  and ( ~ 4 2 ) ;  1 and 1 a r e  
5 6 8 9 

given by ( ~ 4 4 )  and ( ~ 4 5 ) ;  B i s  given by (A48); C i s  given m m 

by (A49); and 



6 . 1 . 5  . : . isk-Hole-Midplane S t r e s s  

Define CO(Anx) and C1(Xnx) such t h a t  

These c y l i n d e r  func t ions  a r e  combinations of Bessel  Functions 

and can b e  t r e a t e d  as a func t ion  a lone when i n t e g r a t i n g  o r  

d i f f e r e n t i a t i n g .  hn i s  t h e  eigenvalue.  

where A n  i s  zero of 

Also 
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Therefore  f o r  t h e  problem shown i n  F igure  21b where 

one can a r r i v e  a t  a  s o l u t i o n  f o r  t h e  midplane s t r e s s  fo l lowing  

t h e  same procedure as be fo re  bu t  u s ing  t h r e e  s imul taneous  

i n f i n i t e  s e r i e s .  By i g n o r i n g  t h e  boundary c o n d i t i o n  or = 0 

a t  r = a ( i . e . ,  assuming tha t  a >> ro) t h i s  i s  reduced t o  

two i n f i n i t e  series.  The r e s u l t s  a r e  



Q1 c o ~ $ n m  

1 = 1 A n  
4n 

2 ~inh($~/c) +-co~h($~/;) ... ( A 5 7 )  
10 n=l sinh [$,/El c 1 

and where 

c sinh 



produce 

The eigenvalue, $n, is defined as the eigenvalue which will 

Tables of these eigenvalues may be found in refer- 

ence [86], Table 9.7, page 415. With the above formulaii 

one can reproduce the midplane stress curves as calculated 

using a finite-element technique 183,843. 



6.16 Disk-Hole-Midplane Stress-Approximate Solution 

By ignoring the boundary conditions 

one reduces the problem to one infinite series. The first 

condition can be safely ignored as mentioned before. Ignoring 

the second causes one to underestimate the stress magnitude 

near the hole but gives an accurate estimate further out. 

The full effect of this assumption is discussed in the main 

body of the report. The final result is equivalent to the 

approximate technique used in [87]. 

where 1 is given by ( ~ 5 7 ) .  The Fourier coefficient for 
10 



which is CA60) rewritten with Bm = 0. 

6.1.7 Disk-Hole-Variable Load-Approximate 'Solution 

For the problem shown in Figure 6b and boundary 

conditions 

one needs two simultaneous equations. Note that tne boundary 

condition ar = 0 at r = c is not applied. 





- 
- $;/z2 

2 sinh - 



6.1.8 Semi-Infinite Body-Finite Radius 

Figure A 2  shows the problem to be solved. The 

boundary conditions are 

r = 0 stresses finite 

z = stresses finite 

The governing equatlsn 1s 



MODEL FOR SEMI - INFINITE BODY 
WITH FINITE RADIUS 

FIG. A 2  



R:ithe :Ian using the genera l  s o l u t i o n s  given before  t h e  

cosh(kz) and sinhckz) w T l l  b e  s p l i t  i n t o  exp(+kz) and 

exp(-kz). Observing that f o r  t h e  s t r e s s e s  t o  be f i n i t e  

a t  z = - t h e  terms conta in ing  exy(+kz) cannot e x i s t ,  one 

has f o r  a s o l u t i o n  t o  C A 1 )  

Equation ( ~ 7 4 )  satisfies t h e  boundary cond i t ions  

a t  r = O  s t r e s s e s  f i n i t e  

Z = O O  s t r e s s e s  f i n i t e  

The remaining t h r e e  boundary condi t ions  a r e  m e t  through t h e  

constants  k ,  A,  and B. The r e s u l t s  are: 



where 

an is zero of Jl(ana) = 0 

6.2 Relationships for Hyperbolic and Cylindrical Functions 

Let 

then 



a l so  



where c0(ar) and c l (ar )  are def ined i n  ( A 5 3 )  and ( ~ 5 4 ) .  



6.3 Trunca t ion  of I n f i n i t e  S e r i e s  

The problem i s :  g iven  fCx) such  t h a t  

where en i s  e igenva lue  and 

J1(Bn) = 0 f o r  a l l  n  

how can one t r u n c a t e  t h e  i n f i n i t e  s e r i e s  t o  N terms and g e t  
- 

an a c c u r a t e  r e s u l t ,  f ( x ) ,  where 

The s o l u t i o n  i s  t o  u se  l o c a l  smoothing where t h e  average  

va lue  o f  t h e  f u n c t i o n  i s  used rather than  t h e  p r e c i s e  va lue  

a t  x  1881. That i s ,  l e t  

One must now choose t h e  i n t e r v a l  2e over  which t o  sample. 

To g a i n  an  i n s i g h t  i n t o  t h i s  t r y  t h i s  method w i t h  an i n f i n i t e  

series us ing  c i r c u l a r  f u n c t i o n s ,  e.g. 



from ( ~ 8 1 )  one observes  t h a t  

Thus t h e  o r i g i n a l  s e r i e s  w i t h  t h e  o r i g i n a l  c o e f f i c i e n t  r e t u r n s  

but  w i t h  a t r u n c a t i o n  term. If t h e  i n t e r v a l  E i s  chosen such 

t h a t  

t h e n  t h e  l a s t  t r u n c a t i o n  term w i l l  be  ze ro  and t h e  g e n e r a l  

form f o r  t h e  t r u n c a t i o n  term, tk, w i l l  be ;  



note 

sin(&) lim - = 1 
6+0 

The net result is to weight the lower frequencies against 

the higher oms. We can therefore expect to reproduce the 

function accurately in regioi~s of slow change. The term 

tk given by ( ~ 8 2 )  is the term used for all Four-er series 

using circular functions whether they are in terms of cos, 

sin, or a combination of the two. 

To find the truncation term for Fourier-Bessel 

series once again applies (~81), 

where all terms after N in the original series are ignored. 

The integral is not available in closed form but if one 

notices that 



a s  z + = t h e n  i t  s e e m  reasonab le  t o  t r y  as a  t r u n c a t i o n  

term a  form s i m i l a r  t o  ( ~ 8 2 ) .  By t r i a l  and e r r o r  i t  was 

found t h a t  t h e  b e s t  s o l u t i o n  was 

I n  any F o u r i e r  s e r i e s ,  Besse l  o r  c i r c u l a r ,  t h e  z e r o e t h  term 

g i v e s  t h e  average  va lue  ove r  the range o r  t h e  l e v e l .  I n  

both (A82) and ( ~ 8 3 )  the t r u n c a t i o n  term to, i s  1 s o  t h i s  

average va lue  i s  unchanged. There fore ,  a t  wors t ,  t h z  t r u n c a t e d  

s e r i e s  w i l l  a c c u r a t e l y  p r e d i c t  t-le average  behav ior .  It 

should be noted f r n m  ( ~ 8 3 )  t h a t  

and we have back t h e  o r i g i n a l  i n f i n i t e  s e r i e s .  

F igure  A 3  shows t h e  advantage o f  t h e  t r u n c a t i o n  term. 

I n  t h i s  case  
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The s o l u t i o n  (.where x i s  a r a d i a l  co-ordinate)  i s  

where On i s  a zero of 

I n  F igu re  A3 t h e  o r i g i n a l  func t ion  ( ~ 8 4 )  i s  shown 

along w i t h  t h e  first t e n  terms of  the  i n f i n i t e  s e r i e s  s o l u t i o n  

( A 8 5 ) .  By us ing  t h e  t r u n c a t i o n  term wi th  N=10, 

a more exact  e s t ima te  i s  made of t h e  o r i g i n a l  func t ion .  This 

new es t imate  removes t h e  o s c i l l a t i o n s  about t h e  t r u e  value 

because it g ives  l e s s  and l e s s  weight t o  t h e  h igher  frequency 

t e r n s  but  it does not p r e d i c t  corner  e f f e c t s  very we l l  because 



it does ignore the high frzquencies. Adding more terms to 

the truncated series improves the estimate at the corners 

as shown in Figure A4. 

C . . .  , 
... .. ,., . 



TRUNCATED INFINITE SERIES 
FIG. A 4  



6.4 Computer Programs - 
I n  t h e  fo l lowing prdgrams d i f f e r e n t  nomenclature 

was used than  t h a t  found i n  t h i s  r e p o r t .  Following i s  a l i s t  

of t h e  important changes. 

Computer Programs 

3 H 0  

LAMBDA 

RO 

Th i s  Report 

6 .4 .1  Disk with No Hole 

T h i s  program c a l c u l a t e s  t h e  i n t e r f a f : i a l  p r e s s u r e  

d i s t r i b u t i o n  and d e f l e c t i o n  of two rough plates i n  c o n t a c t .  



- 
The inpu t  d a t a  i s  FO, a ,  V ,  N,  aE/bpo, H/PO, ppO, and w t  . 
N i s  the maxfmm number o f  terms t o  be used i n  t h e  F o u r i e r  

s e r i e s .  The first estimate o f  t h e  p r e s s u r e  d i s t r i b l ~ t i o n  i, 

and by i n p u t i n g  ppO t h e  u s e r  has  a n  oppor tun i ty  t o  s tart  

t h e  i t e r a t i o n  c l o s e  t o  t h e  f i n a l  va lue .  A f t e r  a n  i t e r a t i o n  

i s  done t h e  new s t r e s s  d i s t r i b u t i o n  t o  be used i s  c a l c u l a t e d  

from t h e  o r i g i n a l  one, a and from t h e  one as c a l c u l z t e d  
2' * 

from the deformation of  t h e  a s p e r i t i e s ,  a, as 

Therefore  t h e  u s e r  can i n f l u e n c e  the  speed of  convergence 

o f  t h e  procedure.  Input  format i s  a s  fo l lows :  

- - 
CARD 1 ro, a,  v ,  N ( 3 ~ 1 0 ~ 3 , 1 1 0 )  

CARD 2 S ,  H ,  ppO, wt (4F10.3) 

CARD 3 S, H ,  ppO, w t  (new s e t )  

LAST CARD BLANK 



Example : 

and try two sets of  S and H, 

ppo = 1. ppo = .8 

the  d a t a  c a r d s  are as f o l l o w s :  

1 . 100 7.300 .250 40 CARD 1 

10.000 100.000 1.000 .500 CARD 2 

100.000 150.000 .800 .250 CARD 3 

(b lank)  CARD 4 



The program i s  w r i t t e n  i n  FORTRAN I V  a.nd was 

compiled and r u n  on an  IBM 3 6 0 / 6 5  computer system. CPU 

t ime f o r  t e n  complete i t e r a t i o n s  i s  i n  t h e  neighborhood of 

seven minutes .  Without compi l ing ,  94K o f  c o r e  i s  used. The 

program fo l lows .  



o o o o  0 0 0 0 0 0 0 0  0000000 o o c o  0 0 0 0 0  o ~ o ~ 8 ~ o ~ ~ ~ ~ ~ o 8 ~ ~ o o ~ o 0 8 o 0 o o 8 0 o o o o  
z Z Z Z Z z Z Z Z Z Z Z Z Z Z Z z Z Z Z z z z z z Z Z z z z z z z Z Z z  

LAC 4 
Z U d C )  

u, i m 4 3; 
H 5 3 fc! CJ 
O C O C O  













~ o D ~ O ~ N N U 9 ~ 3 ) ~ Q D U O ~ f J c r \ U V \ 9 ~ U ~ Q O ~ N ~ U U ~ 9 C C O Q O C ( N  
n n v , g g g ~ g . ~ e ~ e ~ u \ r n r n ~ ~ u \ w r r m r r ~ ~ ~ ~ s ~ c c s a s ~ r c r  
0 0 0 0 0  0 0  0 0 0 0  O C O O O O O O O O O O O O  0 8 0 0  0 0  o o o o o 8 o ~ 8 o o o o 8 o o o o o o 0 ~ 0 0 0 0 ~ o 8 0 0 0 o 8 o ~  
d J d J d d J 4 d d 4 d ~ 4 d d d J J I I J 4 d 4 J J ~ ~ J J d d J d d d d d  
f Z l I Z T f ~ f I S Z l I Z Z l L T I T Z Z I ; Z X I Z Z f 3 I : Z Z Z Z  pr? c c) L O  GCggggg 9 Y S P 4 S 9 a Y Y c z 4 8 ~ i ~ 4 E 2 E Z 4 h Y 4 z z P ! ~ z  





6.4 .2 Dlsk w i t h  Hole - 
The only modif icat ion t o  t h e  p ~ e v f o u s  program i s  

- 
t h a t  t h e  r ad ius  of  t h e  c e n t e r  ..ole, c ,  must be en te red  a s  

da ta .  This i s  done i n  card #1 a t  t h e  beginning so t h a t  t h i s  

card reads ,  

A l l  o t h e r  cards  and i n s t r u c t i o n s  remain the same. 
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6 . 4 . 3  Aux i l i a ry  Programs 

Each of  t h e  p rev ious  s e c t i o n s  l i s t e d  t h e  main 

c a l l i n g  program and t h e  s u b r o u t i n e  which would c a l c u l a t e  t h e  

s t r e s s  f o r  t h e  p a r t i c u l a r  d i s k .  Th i s  s e c t i o n  g i v e s  t h e  

l i s t i n g s  f o r  t h e  misce l laneous  programs needed f o r  i n t e g r a t i n g ,  

c a l c u l a t i n g  ze roes  of Besse l  Func t ions ,  c a l c u l a t i n g  va lues  of  

Besse l  Funct ions ,  g i v i n g  o u t p u t ,  e t c .  These programs are 

se l f - exp lana to ry .  The beginning o f  each  main program l i s t s  

t h e  subroutines needed f o r  t h a t  program. 
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